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We present a three-dimensional network model to simulate two- and three-phase capillary dominated pro-
cesses at the pore level. The displacement mechanisms incorporated in the model are based on the physics of
multiphase flow observed in micromodel experiments. All the important features of immiscible fluid flow at the
pore scale, such as wetting layers, spreading layers of the intermediate-wet phase, hysteresis, and wettability
alteration are implemented in the model. Wettability alteration allows any values for the advancing and
receding oil-water, gas-water, and gas-oil contact angles to be assigned. Multiple phases can be present in each
pore or throatselementd, in wetting and spreading layers, as well as occupying the center of the pore space. In
all, some 30 different generic fluid configurations for two- and three-phase flow are analyzed. Double displace-
ment and layer formation are implemented as well as direct two-phase displacement and layer collapse events.
Every element has a circular, square, or triangular cross section. A random network that represents the pore
space in Berea sandstone is used in this study. The model computes relative permeabilities, saturation paths,
and capillary pressures for any displacement sequence. A methodology to track a given three-phase saturation
path is presented that enables us to compare predicted and measured relative permeabilities on a point-by-point
basis. A robust displacement-based clustering algorithm is also presented.
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I. INTRODUCTION

The simultaneous flow of three phases—oil, water, and
gas—in porous media is of great interest in many areas of
science and technology, such as petroleum reservoir and en-
vironmental engineering. Three fluid flow occurs in en-
hanced oil recovery schemes including tertiary gas injection
into oil and water, gas cap expansion, solution gas drive,
gravity drainage, water flooding with different initial oil and
gas saturations, steam injection, thermal flooding, depressur-
ization below the bubble point, and water alternate gas
sWAGd injection. In an environmental context three-phase
flow occurs when a nonaqueous phase liquidsNAPLd, leak-
ing from an underground storage tank for instance, migrates
through the unsaturated zone and may coexist with water and
air sgaseous phased.

In order to understand fluid flow in porous media, one
needs to know the constitutive relationships between macro-
scopic properties of the system such as relative permeabili-
ties, capillary pressures, and fluid saturations. These relation-
ships are used in macroscopic partial differential equations to
describe the transport of fluid. The determination of consti-
tutive relationships is complicated as they are dependent on
the fluids’ properties, the pore space, and the saturation his-
tory.

Experimental measurements of three-phase relative per-
meabilities and capillary pressures are extremely difficult to
perform and at low saturation the results are very uncertain
f1–4g. Two independent fluid saturations are required to de-

fine a three-phase system and there is an infinite number of
possible fluid arrangements making a comprehensive suite of
experimental measurements for all three-phase displace-
ments impossible. This is why numerical simulations of
three-phase flow almost always rely on available empirical
correlations to predict relative permeability and capillary
pressure from measured two-phase propertiesf5–26g. These
models may give predictions that vary as much as an order of
magnitude from each other, or from direct measurements,
since they have little or no physical basisf14,25,27g.

It is important to have a reliable physically based tool that
can provide plausible estimates of macroscopic properties.
Any theoretical or numerical approach to this problem not
only needs adetailed understandingof the multiphase dis-
placement mechanisms at the pore level but also an accurate
and realistic characterization of thestructureof the porous
mediumf28g. During the last two decades our knowledge of
the physics of two- and three-phase flow at the pore level has
considerably increased through experimental investigation of
displacements in core samples and micromodelsf29–43g. To
describe the geometry of the pore space several authors have
developed different statisticalf44–46g and process based
f47–49g techniques. In addition the pore space can be imaged
directly using micro-CT tomographyf50,51g. An example of
a three-dimensional pore space image of a sandstone is
shown in Fig. 1. It is possible to simulate multiphase flow
directly on a three-dimensional pore-space image by solving
Navier-Stokes equations or by using Lattice-Boltzman tech-
niquesf52–55g. However, for capillary-controlled flow with
multiple phases, these methods become cumbersome and
computationally expensive.

An attractive alternative approach is to describe the pore
space as a network of pores connected by throats with some
idealized geometryssee Fig. 2d f49,56g. Then a series of
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displacement steps in each pore or throat are combined to
simulate multiphase flow. Fattf57–59g initiated this approach
by using a regular two-dimensional network to find capillary
pressure and relative permeability. Since then, the capabili-

ties of network models have improved enormously and have
been applied to describe many different processes. Recent
advances in pore-scale modeling have been reviewed by
Celia et al. f60g, Blunt f61g, and Bluntet al. f62g.

For a random close packing of spheres Bryant and co-
workers were able to predict permeability, elastic, and elec-
trical properties and relative permeabilityf63–65g. Øren
et al. extended this approach by reconstructing a variety of
sandstones and generating topologically equivalent networks
from them. Using these networks several authors have been
able to predict relative permeability and oil recovery for a
variety of systemsf47–49,66–70g.

In this paper we extend this predictive approach to three-
phase flow. Before reviewing previous three-phase network
models, we review the fundamentals of contact angles,
spreading coefficient, wettability alteration, and spreading
and wetting layers as well as describing the network we use.

II. POROUS MEDIUM

In recent years, several advances have been made in the
construction of realistic representations of porous media.
Øren, Bakke, and co-workersf47–49g have developed ran-
dom network models based on the pore space geometry of
the rock of interest. The model is derived either from a direct
three-dimensional image of the pore space obtained from
micro-CT scanning, or from simulating the geological pro-
cesses by which the rock was formed, see Fig. 1. Many other
authors have also developed techniques to derive pore struc-
tures from a variety of measurementsf46,51,63–65,71–83g.
While such approaches are not routine, and the correct pore
space characterization of carbonates is very much an open
question, for simple sandstones there are reliable methods for
determining an equivalent network structure that attempts to
mimic the properties of the real pore space.

In cross section, individual pores and throats are often
modeled as triangles and high-order polygonsf84,85g. This
allows wetting phase to occupy the corners when the non-
wetting phase fills the center. As well as triangular cross
section elements, authors have used geometries with circular
f86,87g, squaref88–90g, star-shapef91,92g, and lenticular
f28g cross sectionsssee Fig. 3d to represent pores and throats.

The network model in this work reads as input any two or
three-dimensional regular or random network comprised of
pores connected by throats. Each pore or throat is assigned a
total volume, an inscribed radius, and a cross-sectional
shape. In this model the pore and throats have a scalene

FIG. 1. The void space of a sandstone produced by process
based simulationf47–49g.

FIG. 2. sColord The Berea network used in this paper. The net-
work is a disordered lattice of pores connected by throats. The
network topology, the radii of the pores and throats, their shapes,
and their volumes are all determined from a three-dimensional rep-
resentation of the pore space of the system of interestssee Fig. 1d.
This network will be used to predict two- and three-phase relative
permeabilitiesssee Table II for dimensions and statistics of the
networkd.

FIG. 3. Elements with different cross-sectional shape.
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triangular, square, or circular cross section. The cross section
has the same shape factorG sratio of cross-sectional areaA
to perimeterP, squaredd f85g as the real system from which
the network is derived,

G =
A

P2 . s1d

A clay volume is associated with the network. This repre-
sents an immobile volume that remains water saturated
throughout all displacements. It can be adjusted to match the
observed connate water saturationf47–49g. Table I lists all
the parameters that the model reads to recognize a network.

A Berea network is used for the modeling studies in this
work. A network of pores and throats is generated that pre-
sents the topology of the void space of the rock of interest
ssee Fig. 2d. The pores and throats have sizes and shapes that
reproduce the principal geometric features of the three-
dimensional imagessee Fig. 2d f48g. Table II lists the net-
work statistics. Figure 4 compares the pore and throat size
distributions of the network.

III. PHYSICS OF THREE-PHASE FLOW
AT THE PORE LEVEL

A. Spreading coefficients and interfacial tensions

The ability of oil to spread on water in the presence of gas
is described by thespreading coefficientwhich is a represen-
tation of the force balance where the three phases meet. If the
interfacial tensions are found by contacting pairs of pure flu-
ids in the absence of the third, the coefficient is calledinitial
and is defined byf93g

Cs
i = sgw − sgo − sow, s2d

wheres is an interfacial tension between two phases labeled
o, w, and g to stand for oil, water, and gas, respectively.
However, when three phases are present simultaneously, the
interfacial tensions are different from those in two-phase sys-

tems. For instance, the gas/water interfacial tension may be
significantly lower than its two-phase value because oil may
cover the interface by a thin film of molecular thicknessf94g.
The other two-phase interfacial tensions may also vary when

TABLE I. Network parameters read by the model consistent with the networks generated by Øren, Bakke,
and co-workersf47–49g.

No. Item No. Item

1 total number of pores and throats 11 shape factor of each pore and throat

2 length, width, and depth of the network 12 clay pore volume

3 volume of each pore and throat 13 index of the first and second connecting pores to
each throat

4 X, Y, andZ coordinations of each pore 14 microporosity volume in each throat

5 inscribed radius of each pore and throat 15 spacinga

6 number of connecting poressd to each poreb 16 length of the first and second pore connecting to
each throat

9 index of connecting poressd to each pore 17 length of each throat

8 whether each pore is at the inlet

9 whether each pore is at the outlet

10 index of the throat connecting two pores

aDistance between the centers of the two connecting pores.
bCoordination number of each pore.

TABLE II. Berea network statistics.

Item Throats Pores Total

Number 26146 12349 38495

Porosity excl. clays%d 4.562 13.746 18.309

Porosity incl. clays%d 6.238 17.785 24.024

Average shape factor 0.035 0.033 0.034

Triangular cross sectionss%d 90.729 95.506 92.261

Square cross sectionss%d 7.542 4.324 6.510

Circular cross sectionss%d 1.729 0.170 1.229

ASCHA sdegda 15.235 13.744 14.751

AWCHA sdegdb 48.828 49.215 48.954

Minimum radiussmmd 0.903 3.623 0.903

Maximum radiussmmd 56.850 73.539 73.539

Average radiussmmd 10.970 19.167 13.60

Connected to the inlet 254 0 254

Connected to the outlet 267 0 267

Isolated clusters 3

Isolated 3 6 9

Minimum coordination number 1

Maximum coordination number 19

Average coordination number 4.192

Clay volumes%d 1.676 4.039 5.715

Kabs scal. box: 0.05–0.95d smDd 3055

X dimensionsmmd 3

Y dimensionsmmd 3

Z dimensionsmmd 3

aAverage sharpest corner half angle.
bAverage widest corner half angle.
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the third phase is present. If the three phases remain long
enough in contact, thermodynamic equilibrium will be
reached when liquids become mutually saturated. In these
circumstances the spreading coefficient is namedequilibrium
and is given by Eq.s3d, which is either negative or zerof93g,

Cs
eq= sgw

eq − sgo
eq − sow

eq . s3d

Three-phase systems may be divided into one of the follow-
ing cases:sad Nonspreading, Cs

i ,0: a blob of oil will remain
stationary on water; for example, CS2 on water f93g. sbd
Partially spreading, Cs

i .0 andCs
eq,0: where a quick initial

spreading happens and then when the water surface is cov-
ered by a thin oil film, oil retracts to a lens. An example is
benzene on water.scd Spreading, Cs

i .0 andCs
eq<0: in this

case, oil spreads on water and excess oil makes the film
thicker and thicker. When the thickness of the oil film is
larger than the range of intermolecular forces the equilibrium
spreading coefficient becomes zero. Soltrol, a mixture of hy-
drocarbons, is an example of this casef42g.

B. Three-phase contact angles

The contact angle is defined as the angle between the
two-phase line and the solid surface measured through the
denser phase. In a three phase system a horizontal force
balance can be written for each of the three pairs of fluids,
i.e., oil-water, gas-water, and gas-oil, residing on a solidssee
Fig. 5d:

sos= sws+ sow cosuow, s4d

sgs= sws+ sgw cosugw, s5d

sgs= sos+ sgo cosugo. s6d

A constraint between the three-phase contact angles and in-
terfacial tensions in mutual equilibrium can be derived by
manipulation of Eqs.s4d–s6d:

sgw
eq cosugw = sgo

eq cosugo + sow
eq cosuow. s7d

Equations7d was derived by Bartell and Osterhofff95g in
the context of solid-oil-water systems and then by Zhou and
Blunt f94g in contaminant hydrology. This constraint has
many implications for three-phase processes. For instance,
consider a three-phase strongly oil-wet system, i.e.,uow
<180°. At ambient conditions, typical interfacial tensions
for water/n-alkane systems aresgo

eq=20 mN/m and sow
eq

=50 mN/m f93g. This meanssgw
eq cosugw,0 which in turn

implies ugw.90°. The analysis above for oil-wet systems
indicates that gas is not the most nonwetting phase in the
presence of water.

In the rest of the paper we will drop the superscripteqand
always assume that we are dealing with interfacial tensions
at equilibrium.

Blunt f96g showed in a n phase system there are
nsn−1d /2 contact angles,sn−1dsn−2d /2 constraints, and
sn−1d independent contact angles. In three-phase systems,
only two of the contact angles need to be defined indepen-
dently.

Van Dijke et al. f97g presented a linear relationship to find
gas-oil and gas-water contact angles from the oil-water con-
tact angle and interfacial tensions which also satisfy the con-
straint given by Eq.s7d:

cosugo =
1

2sgo
hCs cosuow + Cs + 2sgoj, s8d

cosugw =
1

2sgw
hsCs + 2sowd cosuow + Cs + 2sgoj. s9d

C. Wettability alteration and contact angle hysteresis

While most clean rock surfaces in contact with refined
oils are water-wet, few, if any, oil reservoirs are completely
water-wet. This is because of direct contact of crude oil with
the solid surface which changes its wettability by adsorption
of the polar components of the crude or the presence of natu-
rally oil-wet minerals within the rock. This makes any values
of oil-water and consequently gas-water and gas-oil contact

FIG. 4. Pore and throat size distributions for the Berea
network.

FIG. 5. Horizontal force balance in three two-phase systems:sad
oil-water-solid,sbd gas-water-solid, andscd gas-oil-solid.
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angles possiblef98–102g. Kovsceket al. f100g developed a
model where the wettability of the rock surface is assumed to
be altered by the direct contact of oil. Before a porous
medium is invaded by oil it is assumed to be full of water
and water-wet. Once it is invaded by oil a thin film of water
prevents oil touching the solid surface directly. But at a
threshold capillary pressure this film can collapse and allows
oil to contact the solid surface and change its wettability.
Regions of the pore space not contacted by oil remain water-
wet.

The contact angle also depends on the direction of dis-
placement. This difference betweenadvancing, i.e., the wet-
ting phase displacing the nonwetting one, andreceding, i.e.,
nonwetting phase displacing the wetting one, contact angles
may be as large as 50°–90°f93,103,104g depending on sur-
face roughness, surface heterogeneity, swelling, rearrange-
ment, or alteration of the surface by solventf93g.

To accommodate any type of displacement process, we
assign eight contact angles to each pore and throat:uow

PD soil
displacing water in an element that has not changed its wet-
tability befored, ugw

PD sgas displacing water in an element that
has not changed its wettability befored, and six contact
angles when the wettability has been altered:u ow

a swater dis-
placing oild, u ow

r soil displacing waterd, u gw
a swater displacing

gasd, u gw
r sgas displacing waterd, u go

a soil displacing gasd, u go
r

sgas displacing oild.
There is an ambiguity in defining a third contact angle

from Eq. s7d if advancing and receding values are different.
For instance, imagine water is being injected into oil and gas
where the appropriate gas-water and oil-water contact angles
to be used areu gw

a andu ow
a , respectively. Now if one uses Eq.

s7d to find the third contact angleugo, it is not clear that the
calculated value is the advancing or receding gas-oil contact
angle. This problem is also evident when one uses Eqs.s8d
ands9d, where it is not known, for example, which oil-water
contact angle, i.e., advancing or receding, should be used to
calculate receding gas-oil contact angle needed, for example,
in gas injection into oil and water.

In this paper we first decide on the values of two of the
contact angles and then calculate the third one using Eq.s7d.
We useu ow

r andu go
r to calculate augw. We also useu ow

a and
u go

a to find another value ofugw. The smaller of two values of
ugw is considered as receding and the larger one as the ad-
vancing value. We always make sure in every single pore and
throat, the receding contact angle for each phase is less than
or equal to the advancing value, i.e.,u i j

r øu i j
a.

D. Spreading and wetting layers

The representation of the cross section of a pore or throat
a square or triangle clearly is not an accurate description of
the highly irregular structure of real porous media. However,
this description does allow phases to be present in layers
occupying the corners when a non wetting phase fills the
center of the element.

During primary drainage oil can occupy centers of the
pore space, leaving water as a wetting layer in the corners.
During subsequent cycles of water and/or gas injection these
water layers are still present and maintain continuity of
water.

After gas injection into an element containing oil in the
center and water in wetting layers, gas will occupy the center
and it is possible that oil will remain in a layer sandwiched
between the gas and water. These are calledspreadinglayers;
as we discuss later their stability is related to the spreading
coefficient, contact angles, corner angles, and capillary pres-
sures, and are likely to be present in spreading systems.

A spreading system hasCs=0 and oil spontaneously
forms layers between water and gas in the pore space. A
nonspreading system hasCs,0 and while oil layers can also
be presentf43,105,106g they tend to be stable for more re-
stricted range of capillary pressures. Also, we refer to wet-
ting and spreadinglayers—these layers are typically a few
microns in thickness and have anon-negligiblehydraulic
conductivity and maintain phase continuity. In contrastfilms
are of molecular thicknesssof order a nanometerd and have
negligible conductivity and donot contribute to phase
continuity—where present films simply modify the apparent,
or equilibrium, interfacial tensions, as discussed above.

IV. PREVIOUSLY DEVELOPED THREE-PHASE
NETWORK MODELS

Heiba et al. f107g extended statistical network modeling
previously used for two-phase systemsf108,109g to three-
phase flow. A Bethe lattice, or Cayley network was used to
represent the porous medium. Relative permeabilities were
calculated using Stinchcombe’s formulaf110g using series
approximations from percolation theory. Only a single phase
could occupy a throat. A given fluid was considered to be
able to flow only when the site that it occupied was a mem-
ber of a continuous flow path from inlet to the outlet. The
displacement of one phase by another was controlled by ac-
cessibility and local entry capillary pressure. Six groups of
displacement were considered: gas into oil, oil into gas, gas
into water, water into gas, water into oil, and oil into water.
Two spreading systems were investigated where in the first
one gas and water were displacing oil while in the second
case water and oil were displacing oil and gas. The results
showed that the gas and water relative permeabilities were
functions of only their own saturations. Oil layers prevented
the direct contact of gas and water. Oil isoperms were found
to be strongly curved, meaning that the oil relative perme-
ability was not only a function of its own saturation. Exten-
sions of the theory to handle the complications involved by
the effects of wettability and phase swelling due to mass
transfer were also discussed. It was concluded that three-
phase relative permeabilities are generally path functions
rather than state functionssfunction of saturation onlyd ex-
cept in particular situations such as when two phases are
separated by the third. This model used rather simple net-
works and displacement rules.

Soll and Celiaf111g developed a computational model of
capillary-dominated two- and three-phase movement at the
pore level to simulate capillary pressure-saturation relation-
ships in a water-wet system. Regular two- or three-
dimensional networks of pores, connected to each other by
throats, were used to represent the porous medium. Hyster-
esis was modeled by using advancing and receding values
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for the contact angles for each pair of fluids. Every pore was
able to accommodate one fluid at a time as well as wetting
layers. Viscous forces were considered to be negligible but
the effects of gravity were included to modify the local cap-
illary pressures. In order to reproduce their micromodel ex-
perimentsf37g, oil as a spreading phase was allowed to ad-
vance ahead of a continuous invasion front. Several pores
could be filled simultaneously. This model was the first to
incorporate layer flow in three-phase network modeling al-
beit in a ratherad hoc fashion. The results were compared
with capillary pressure-saturation results and fluid distribu-
tions from the two- and three-fluid micromodel experiments.
The amount of oil layer flow was used as a fitting parameter.
Predicted two-phase air-water and oil-water capillary pres-
sures were in good agreement with measured valuesf37g
although the model did not so successfully match three-
phase data. The model was not used to calculate relative
permeabilities.

Øren et al. f112g described details of the pore level dis-
placement mechanisms taking place during immiscible gas
injection into waterflood residual oilstertiary gas injectiond
which then were incorporated into a two-dimensional
strongly water-wet square network model with rectangular
links and spherical pores in order to compute oil recovery in
spreading and nonspreading systems. Simulated recoveries
compared very well with the measured values from micro-
model experimentsf35,113g. The authors described a double
drainage mechanism where gas displaces trapped oil that dis-
places water allowing immobile oil to become connected
boosting oil recovery. Oil recovery decreased with decreas-
ing spreading coefficient. In nonspreading systems, the prob-
ability of direct gas-water displacement was high and capil-
lary fingering of gas resulted in early gas breakthrough and
low oil recovery. In spreading systems oil reconnection was
more effective and direct gas/oil displacement was preferred.
It was concluded that a simple invasion percolation algo-
rithm f114,115g including the spreading layers works well in
mimicking the complex three-phase behavior seen in micro-
models. In this work relative permeabilities were not calcu-
lated.

Pereiraet al. f28g developed a dynamic two-dimensional
network model for drainage-dominated three-phase flow in
strongly water- and oil-wet systems when both capillary and
viscous forces were important. The displacement mecha-
nisms in spreading and nonspreading systems were described
by generalization of two-phase displacement mechanisms.
Both pores and throats were assumed to be lenticular in cross
section allowing wetting and spreading layers to be present.
The simulated recoveries at gas breakthrough were compared
against measured values in micromodelsf35g. As in Øren
et al. f112g, a large difference between the recoveries in
spreading and nonspreading systems was reported for water-
wet cases due to existence of oil layers in the spreading
systems. The highest recovery, 85%, was found for the oil-
wet case. This was because continuous wetting layers pre-
vented trapping of oil. The oil recovery was much lower,
14%, for the water-wet case in a nonspreading system. This
was because there were no spreading layers of oil. Even
when layers were present for the spreading system, the oil
recovery was much lower, 40%, in a water-wet medium than

for the oil-wet case. Water in water-wet systems played the
same role as oil in oil-wet systems—water recoveries in
water-wet spreading and nonspreading systems were high.
An order of magnitude reduction in the simulated conductiv-
ity of the oil layers decreased oil recovery and made the
behavior of the spreading system similar to that of a non-
spreading system. Also a reduction in initial oil saturation for
tertiary gas injection decreased the oil recovery. This was
true for both spreading and nonspreading systems indicating
that the recovery of the intermediate wetting phase is strong
function of saturation history. This was reported to be con-
sistent with experiments by Driaet al. f3g and Oak
f116,117g. It was also concluded that the recovery of the
wetting fluid is independent of the saturation history. Rela-
tive permeabilities were not calculated in this work.

Patersonet al. f118g developed a water-wet percolation
model to study the effects of spatial correlations in the pore
size distributions on three-phase relative permeabilities and
residual saturations. This was an extension of their previous
work on two-phase systemsf119g. Fractal maps derived from
fractional Brownian and Levy motionsfBm and fLmd were
used to assign pore size. A simple site percolation model
with trapping was used. Trapping was incorporated based on
Hoshen-Kopelman algorithmf120g. In three-phase simula-
tions direct displacement of oil and water by gas and also
double drainage were implemented. The model assigned the
same volume to all pores and so the fraction of sites occu-
pied by a phase gave its saturation. All the sites were as-
sumed to have the same conductivity regardless of their ra-
dii. The simulation results for correlated properties showed
lower residual saturations in comparison to uncorrelated
ones. Incorporating a bedding orientation to the spatial cor-
relations had a major impact on relative permeability. When
the bedding was parallel to the flow direction, the relative
permeabilities were greater and residual saturations lower
than those when bedding was perpendicular to the flow. This
was also the case for two-phase relative permeabilitiesf119g.
The effects of spreading coefficient were also studied. Simi-
lar to previous authorsf28,112g it was shown that the less
negative the spreading coefficient, the lower the final re-
sidual oil saturation. For more negative spreading coeffi-
cients direct gas to oil and gas to water displacements are
preferred over double drainage. This effect was more signifi-
cant for correlated systems.

Fenwick and Bluntf88,89g developed a three-phase net-
work model for strongly water-wet systems. A regular cubic
network composed of pores and throats with equilateral tri-
angular or square cross sections was used. Oil-water and
gas-water contact angles were considered to be zero. Two-
and three-phase displacement mechanisms including oil
layer flow observed in micromodel experiments were incor-
porated in the model. Double drainage was generalized to
allow any of six types of double displacement where one
phase displaces a second that displaces a third as observed by
Keller et al. f43g. The model was able to simulate any se-
quence of oil, water, and gas injection. Using a geometrical
analysis, a criterion for stability of oil layers was derived
which was dependent on oil-water and gas-oil capillary pres-
sures, contact angles, equilibrium interfacial tensions, and
the corner half angle. It was argued that oil layers could be

M. PIRI AND M. J. BLUNT PHYSICAL REVIEW E71, 026301s2005d

026301-6



present even for negative spreading coefficient systems. Us-
ing a simple calculationf94g it was shown that the layers are
of order a micron across or thicker in the corners, roughness,
and grooves of the pore space. The work estimated conduc-
tance of an oil layer which then was used to compute oil
relative permeability. It was shown that at low oil saturation
the oil relative permeability should vary quadratically with
saturation, as observed experimentallyf121–124g. An itera-
tive methodology which coupled a physically based network
model with a one-dimensionals1Dd three-phase Buckley-
Leverett simulator was developed in order to find the correct
saturation path for a given process with known initial condi-
tion and injection fluidf88g. This enabled the network model
to compute the properties for the right displacement se-
quence. Relative permeabilities for secondary and tertiary
gas injection into different initial oil saturations were pre-
sented. The resultant saturation paths compared well qualita-
tively with experimental data by Grader and O’Mearaf121g.
The paths in the oil-water vs gas-oil capillary pressure space
were all located in the region where oil layers were stable
meaning that oil did not get trapped. Oil relative permeabili-
ties for different initial conditions were different from
each other, consistent with several experimental studies
f2,14,117,125,126g.

Mani and Mohantyf127,128g also used a regular cubic
network of pores and throats to simulate three-phase flow in
water-wet systems. Pores and throats were considered to be
spherical and cylindrical, respectively. The oil-water capil-
lary pressure was fixed at its original value during the gas
invasion processes. The parameters of the network were
tuned to match two-phase mercury-air experimental capillary
pressures for Berea sandstonef129g.

Both dynamic and quasistatic simulations were carried
out. The work had two important features:sid dynamic simu-
lation of capillary-controlled gas invasion, where it was as-
sumed each phase pressure was not constant across the net-
work; sii d re-injection of the produced fluids at the outlet of
the medium into the inlet in order to simulate larger systems.
This was used to see whether trapped oil ganglia become
reconnected by double drainage to form spanning clusters.
The two-phase processes were simulated at low capillary
number using traditional quasistatic assumptions. Pressure
drops across pores were ignored. The model included fluid
flow through wetting and spreading layers. A fixed conduc-
tance was assigned to oil layers. For the capillary pressure
histories used, no stable oil layers were observed in both
spreading and nonspreading systems. Gas invasion was mod-
eled by three displacement mechanisms: direct gas-water, di-
rect gas-oil, and double drainage. For each displacement a
potential was considered which was the difference between
the pressures of two involved fluids minus the threshold cap-
illary pressure of the displacement. The displacement with
the largest potential was carried out first. Re-injection of flu-
ids was simulated by replacing the fluid distribution in the
inlet zone by the fluids in the outlet zone. The process was
terminated after steady state was reached at the imposed
pressure conditions, i.e., when no further gas invasion was
possible at the imposed capillary pressure. The final oil satu-
ration in spreading systems was zero. The capillary pressure
curves obtained from dynamic and quasistatic simulations

were virtually identical. For nonspreading systems with a
low oil-water capillary pressure, drainage of water and oil
occurred with similar probability. The effect of spreading
coefficient and saturation history on three-phase relative
permeability was consistent with other network modeling
studies f28,88,89,112g and experimental measurements
f2,14,117,125,126g.

Larocheet al. f130,131g developed a pore network model
to predict the effects of wettability heterogeneities with dif-
ferent patterns and spatial distributions on displacement
mechanisms, sweep efficiency, and fluid distribution in gas
injection into oil and water. A dalmatian type of wettability
heterogeneity was used with continuous water-wet surfaces
enclosing discontinuous regions of oil-wet surfaces or vice
versa. A series of three-phase glass micromodel experiments
with different wettabilities were also carried out. Measured
oil-water contact angles for the water-wet and oil-wet sur-
faces were 0° and 105°, respectively.n-dodecane, water, and
nitrogen were the three fluids used in the experiments. All
the two-phase interfacial tensions, densities, and viscosities
were measured. The initial spreading coefficient was
7.3 mN/m and hence the oil was assumed to be spreading.
The capillary number throughout the experiments was ap-
proximately 10−5 indicating capillary controlled displace-
ment. A 2D regular pore and throat network was used to
simulate the experiments. All the throats had triangular cross
sections while the pores were circular cylinders. The pore
and throat size distributions were similar to those of Berea
sandstone. Saturations, conductances, and relative perme-
abilities were calculated using similar techniques to Fenwick
and Bluntf89g. The fluid distributions at the end of two- and
three-phase simulations were in good qualitative agreement
with those found experimentally.

Hui and Blunt f132g developed a mixed-wet model of
three-phase flow for a bundle of capillary tubes. The tubes
had different sizes and were equilateral triangle in cross sec-
tion. Wettability alteration was modeled by changing the
wettability of surfaces that came into contact with oil after
primary drainage. The model simulated three-phase flow
with any combination of oil-water, gas-water, and gas-oil
contact angles. In all some ten fluid configuration were con-
sidered. Primary drainage, water flooding, and tertiary gas
injection were simulated. The effects of wettability, spread-
ing coefficient, and initial oil saturation on relative perme-
abilities were investigated. Possible configuration changes
during each process along with the threshold capillary pres-
sure of each change were presented. The stability of layers in
different configurations and capillary pressures at which they
collapse was discussed. We will extend this approach to
study 30 different possible fluid configurations in three-phase
flow and will incorporate them in a three-dimensional ran-
dom network model.

Lerdahl et al. f133g used the technique developed by
Bakke et al. f47g to reconstruct a three-dimensional void
space, Fig. 1, and then convert it to a pore and throat net-
work, Fig. 2, for use in a water-wet network model to study
drainage-dominated three-phase flow. Simulated results were
compared successfully against the experimental data by Oak
f117g. We will use a similar network in our studies and also
compare our predictions against Oak’s experimentsf117g. In
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our study we will compare results on a point-by-point basis
using our saturation tracking algorithm and extend the model
to mixed-wet systems following the approach of Hui and
Blunt f132g.

Larsenet al. f90g used a water-wet three-dimensional cu-
bic pore network model based on the work of Fenwick and
Blunt f88,89g to simulate a series of micromodel experiments
of WAG swater alternate gasd injection processes. All the
pores and throats were assumed to have square cross sec-
tions. The network model was used in an iterative procedure
similar to the one used by Fenwick and Bluntf88g to find
self-consistent saturation paths. Three WAG injections with
different gas-water injection ratios were carried out.

Van Dijke et al. f97,134,135g presented a process-based
mixed-wet model of three-phase flow using a bundle of cap-
illary tubes with circular cross sections to study the satura-
tion dependencies of capillary pressures and relative perme-
abilities for spreading and nonspreading systems. Larger
pores were considered to be oil-wet and the smaller ones
water-wet. It was shown that based on interfacial tensions
and contact angles the three-phase saturation space could be
divided up to three different regions with a different
intermediate-wet phase. The relative permeability of this
phase was a function of two saturations. Also the capillary
pressure between the most wetting and nonwetting phases is
dependent on two saturations. The relative permeabilities
of the other two phases were a function of only their own
saturation in this region.

Van Dijke et al. f86,87g developed a regular three-
dimensional three-phase network model for systems with dif-
ferent wettability expanding on their previous studies on
bundles of capillary tubes. Every element was allowed to
have a different oil-water contact angle and Eqs.s8d ands9d
were used to determine the gas-oil and gas-water contact
anglesf97g. While layers were not incorporated explicitly in
saturation or conductance computations they were allowed to
establish continuity of different phases. The model was a
cubic array of only throats with a circular cross section. The
coordination number could be changed by removing throats
from the network. An extensive series of simulations of
three-phase flow was performed. For networks with a high
coordination number, the saturation dependencies were
qualitatively similar to those predicted for capillary bundles.
As the coordination number was reduced, connectivity was
impaired and trapping became significant. They compared
their network simulations with micromodel experiments of
WAG f136,137g where there were repeated cycles of water
and gas flooding. To reproduce the results they incorporated
multiple displacements where a train trapped clusters may
displace each other until there is invasion into a connected
phase. They suggested that such multiple displacements were
significant in WAG flooding. While certainly such displace-
ments were observed in the micromodel experiments, we
suggest that in three-dimensional displacements the phases
are likely to be better connected and so the movement of
trapped ganglia is less significant. We will only consider
double displacements in this paper.

While many three-phase pore-scale displacement mecha-
nisms are well understood, and the generic functionality of
relative permeability has been discussed, three-phase net-

work models to date have not addressed the full range of
possible configurations in mixed-wet systems and their pre-
dictive powers are limited. The network model described
here combines three essential components:sid a description
of the pore space and its connectivity that mimicsreal sys-
tems;sii d a physically-based model ofwettability alteration;
andsiii d a full description of fluid configurationsfor two- and
three-phase flow. This will enable us to predict three-phase
three-phase relative permeabilities for media of arbitrary
wettability using geologically realistic networks.

V. MODEL ASSUMPTIONS

In this work, it is assumed that the fluids are Newtonian,
incompressible, and immiscible. It is also assumed that the
capillary number

Ncap=
mn

s
, s10d

wherem is the viscosity andn is the fluid velocity, to be low
enough, i.e., 10−6−10−7 and smaller, such that the system is
in capillary equilibrium and fluid flow is capillary controlled
at the pore scale. This is a reasonable assumption for most
reservoir displacements away from the well boref89,133g.

The Bond number is a ratio of gravity to capillary forces:

B =
sri − r jdgL2

si j
si j = ow,gw,god, s11d

wherer is the density,L is a typical pore length, andg is the
acceleration due to gravity. We can neglect gravity if the
Bond number is less than 10−4, which again is satisfied for
most pore-scale displacementsf4g.

We further assume there is no momentum transfer across
the fluid-fluid interfaces. As in Zhouet al. f138g, in our com-
putations of phase conductance we consider free boundaries
for gas-oil and gas-water interfaces and no-flow for water-oil
interfaces. When there is continuity of velocity across the
interfaces, the pressure gradient in one phase may affect the
flow and consequently the relative permeability of the other
phases. This phenomenon for two-phase flow has been inves-
tigated by Goode and Ramakrishnan and Kalaydjian
f91,139g. We will ignore this complication in this work.

To find the pressure difference across an interface we use
the Young-Laplace equation:

Pi − Pj = si jS 1

r1
+

1

r2
D , s12d

wherer1 and r2 are the principal radii of curvature, andPi
and Pj are pressures of the phases on either sides of the
interface.

There are two types of interface:sid Main terminal menis-
cus (MTM)f85g, which is the invading meniscus at the pore-
throat junction separating wetting and nonwetting fluids. The
shape of such a meniscus is assumed to be spherical meaning
that the two radii of curvature are the samesr1=r2=rd. The
pressure difference across an MTM is then given by

Pi − Pj =
2si j

r
. s13d
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sii d Arc meniscus (AM), which is the interface at a corner of
a noncircular element. It is assumed that the curvature of the
interface is negligible parallel to a pore or throat meaning
that the principal radii of curvature would ber1=r and r2
=` f85,93g. The pressure difference across such an interface
is given by

Pi − Pj =
si j

r
. s14d

As Lerdahlet al. f133g, the clay volume associated with
each pore and throat in the network is considered to be full
of water and immobile. It is also assumed that fluids have
been long enough in contact to keep the level of solubility of
one fluid in the other constant throughout all the processes.
Temperature is also fixed to prevent changes in solubility of
fluids in each other. These two assumptions ensure that in-
terfacial tensions stay the same during different processes.

For each displacement event we also assume that every
interface is comprised of only two phasesf37,111g. Only the
saturation of the invading phase whose pressure increases is
allowed to increase while the two other saturations are either
constant or decreasef111g.

VI. PORE-SCALE NETWORK MODELING

The model assumes quasistatic displacement controlled,
at the pore scale, entirely by capillary forces. The simulation
proceeds as a series of displacements. A displacement is the
change of the configuration groupssd in one pore or throat
ssee details laterd. This can represent the replacement of one
phase by another in the center of the pore, or the collapse or
formation of a layer in a single corner. There is a capillary
pressure associated with the transition from one configura-
tion to another. We define pressures of water, oil, and gas in
the network. As displacement proceeds, these pressures will
increase.

A. Primary drainage and wettability alteration

The network is initially fully saturated with water and
strongly water-wet, with the oil-water contact angleuow

PD=0
and all phase pressures are set to zero. Oil then enters the
network and it invades the pore or throat with the lowest
capillary entry pressure and changes the configuration groups
in an invasion percolation processf114,115g. Drainage is
complete when a target capillary pressure or saturation has
been reached, or when all pores and throats have been in-
vaded by oil.

At the end of primary drainage, regions of the pore space
in direct contact with oil may change their wettability. We
assign an advancing oil/water contact angleuow

a to each oil-
filled pore and throat after primary drainage. Different pores
and throats may have different contact angles. Contact angles
are assigned at random to oil-filled pores and throats, accord-
ing to some specified distribution. In this paper, the contact
angles will have a uniform distribution between some speci-
fied maximum and minimum values.

After primary drainage, the model simulates any sequence
of water, gas and/or oil invasion.

B. Two- and three-phase fluid generic configurations

Different oil-water, gas-water, and gas-oil contact angles
and interfacial tensions make it theoretically possible to
accommodate fluids in the corners of the pore space with
different configurations. Figures 6 and 7 illustrate possible
generic configurations of one, two, or three fluids in a single
corner of an angular pore or throat with any values of two-
and three-phase contact angles—the whole pore or throat is
composed of noscircled, threestriangulard, or four ssquared
corners. The configurations are equally applicable for any
other angular pore or throat with any number of corners.
Altered wettability surfaces are shown by thicker lines. Fluid
located in the corner, layer, or center of a configuration is
called aphase location. For example, configuration groupF
has three phase locations, water in a corner, an oil layer, and
gas in the center. For single phase configurations—group
A—only one phase location, i.e., water in the center, is con-
sidered. Every phase location has a flag associated with it
indicating whether the fluid that it accommodates iscontinu-
ousor trapped. A cluster of phase locations is trapped when
it does not connect to the inlet and outlet; if it does then it is

FIG. 6. One and two phase configurations for a single corner.
The bold solid line indicates regions of the surface with altered
wettability. All the multiphase contact points may be pinned which
means that as the capillary pressure changes, the curvature of the
interface changes but that the location of the interface-solid contact
is fixed. A phase may be present in the center of the pore space or
as a spreading or wetting layer, sandwiched between other phases.
Water is always present in the corner. The network model simulates
a sequence of displacement events that represent the change from
one configuration to another. Tables VIII-XIV in Appendix C list
the capillary pressures for each displacement.
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considered continuous. We shall discuss the details of how
the phase locations are assigned to the clusters and how their
continuity is determined later in this paper.

For elements with a circular cross section, only one phase
may occupy the pore or throat. For square and triangular
cross sections, the phase in the middle of the element must
be the same for each corner, but different corners may have
different configurations, depending on the corner angle.
However, in a single pore or throat, the contact angles in
each corner are the same. Table III lists the range of contact
angles for which each configuration in Figs. 6 and 7 may
exist. A capillary pressure between any two phases, i.e.,Pcij,
is defined asPi −Pj. The radius of curvaturer of the interface
between two phasesi and j in Figs. 6 and 7 is related to the
capillary pressure by Eq.s14d.

One should note that when Eq.s14d is applied to calculate
radius of curvature for an interface,Pi andPj may be differ-
ent from the inlet or outlet pressures, i.e., theglobal absolute
pressures of the two phases, if that phase is trapped. In such
cases the absolute pressures of the trapped clusters are used.

Capillary pressure is used in this paper in two senses. The
first is a threshold or entry capillary pressure at which a
displacement in an element occurs. This has a precise defi-
nition dependent on the contact angles and pore geometry.
The second is when there is some imposed pressure differ-
ences between phases in an element that is used to determine
the radius of curvature of interfaces. This pressure difference
always corresponds to a threshold capillary pressure for a
recent displacement.

C. Definitions

A displacementis defined as a change in generic configu-
ration groupssindicated by letters in Figs. 6 and 7d in an
element by aneligible displacing phase which is the phase
residing in a phase location that is topologically capable of
doing the changessd. Based on the type of displacement this
can be a configuration change in one or all corners of the
element. For every configuration change, there might bedif-
ferent ways to carry out the displacement. In such a case
each one is treated as aseparatedisplacement. For instance,
imagine configuration group changeF to C due to oil layer
collapse. The change could be carried out either by invasion
of water in the corner or gas in the center which corresponds
to a decrease inPcow or an increase inPcgo, respectively.
These two ways are treated as two separate displacements.
The network model simulates a sequence of displacements
induced by imposed changes in phase pressures.

For every displacement, there are two phase locations as-
sociated with it. One accommodates the displacing fluid of
the displacement, thedisplacing phase location, and the
other one accommodates the displaced fluid, thedisplaced
phase location. For example, consider configuration group
change B to C by an invasion of gas residing in the center of
a neighboring pore into oil in the center of a throat. The
displacing and displaced phase locations for this displace-
ment are the gas center in the pore and the oil center in the
throat, respectively.

A processis defined as a consecutive sequence of dis-
placements that involve a change in the same capillary pres-
sure in the same direction. The change in capillary pressure,
Pcij, is due to injection of either phasei or j . For instance,
primary drainage is a process involving an increase in oil-
water capillary pressure. Water flooding is a different process
involving a decrease in oil-water capillary pressure.

Drainage in a capillary element is referred to an event

TABLE III. The range of contact angles for which each configu-
ration in Figs. 6 and 7 can exist.

Configuration uow ugw ugo

A-1, A-2

B-1, B-2 ,p/2 −aa

B-3, B-4 ùp/2 −a

C-1, C-2 ,p/2 −a

C-3, C-4 ùp/2 −a

D-1, D-2 ùp/2 +a

E-1, E-2 ùp/2 +a

F-1, F-2 ,p/2 −a ,p/2 −a

F-3, F-4 ùp/2 −a ,p/2 −a

G-1, G-2 ,p/2 −a ùp/2 +a

G-3, G-4 ùp/2 −a ùp/2 +a

H-1, H-2 ùp/2 +a ,p/2 −a

I-1, I-2 ,p/2 −a ùp/2 +a

J-1, J-2 ùp/2 −a ùp/2 +a ,p/2 −a

K-1, K-2 ùp/2 +a ùp/2 −a ùp/2 +a

aCorner half angle.

FIG. 7. Three phase configurations for a single corner, continued
from Fig. 6.
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where awetting phase is displaced by anonwettingphase.
An event in which anonwettingphase is displaced by a
wettingphase is calledimbibition.

Because of contact angle hysteresis, the contact angle can
hinge between its receding and advancing values without the
contact line moving and is called thehinging contact angle.
Every interface has two contact angles associated with it:sid
a targetcontact angle, which is the contact angle that thenew
AM’s will have just after a displacement in that element. The
existing soldd AM’s might reach this value just before dis-
placement. This contact angle may be different from one
process to another. For example, imagine a configuration
group change A to B by oil primary drainage. The new AM’s
in configuration group B will have the target contact angle of
uow

PD. The target contact angle during water flooding for an
existing oil-water interface in configuration group B isu ow

a .
sii d the furthest contact angle, which is the maximum, or
minimum, hinging contact angle that an interface reached
during the last process when the pertinent capillary pressure
was changing. This may not necessarily be the same as the
target contact angle. For instance, imagine water flooding is
being carried out after primary drainage in a strongly oil-wet
system withu ow

a =p. When the oil-water capillary pressure
decreases the oil-water AM’s start hinging fromuow

PD towards
the target contact angleu ow

a . If water flooding is stopped at
some stage then there might be AM’s, particularly in wide
corners, that have not reached the advancing value yet. For
such AM’s the last hinging contact angles are considered as
their furthest contact angles. For the AM’s that reached the
target contact angle, the furthest contact angle will be the
same as the target contact angle. For the next process, for
instance gas injection, the interface may start hinging from
this furthest value towards the new target contact angle.

Every AM has a meniscus-apex distanceb associated with
it ssee Fig. 14 in Appendix Ad, and is calculated using Eqs.
sC5d and sC6d with u1 being the angle that the AM makes
with the surface towards the apex,a the corner half angle,s
the interfacial tension, andPc,extremethe capillary pressure of
the last move of the AM.b changes whenever the AM
moves.

D. Basic displacements

Displacements may be categorized into four groups:
sid Pistonlike, which refers to the displacement of one

phase by another in the center of a throat by a fluid residing
in the center of a neighboring pore. The prevailing contact
angles during drainage and imbibition events are receding
and advancing values, respectively. If there is no contact
angle hysteresis then the threshold capillary pressure of pis-
tonlike imbibition is the same as that of drainage, otherwise
during imbibition the relevant capillary pressure is reduced
and each interface starts hinging from its furthest value to-
wards the advancing contact angle. It stays pinned as long as
the hinging value is smaller than the advancing contact
angle. The wetting phase will enter the element when the
advancing contact angle is reached. The threshold capillary
pressures are found using the Mayer-Stowe-PrincensMSPd
theory f48,140–143g.

sii d Pore-body filling refers to the displacement of one
phase in the center of a pore by movement from the center of
the adjoining throatssd. For drainage the threshold capillary
pressure is given by similar expressions for pistonlike ad-
vance. For imbibition threshold capillary pressure depends
on inscribed radius of the porebody and the number of neigh-
boring throats that either donot hold the invading phase in
the center or cannotcontributeto the displacement because
they are trapped. For a pore with coordination numberm,
m−1 pore-body filling events are possible, calledIn, wheren
is the number of neighboring throats that are not involved in
the displacement 1ønøm−1 f29,30g. Whenn=1, the dis-
placement is a pistonlike event with the corresponding
threshold capillary pressuresf29,48g. The equations to com-
pute threshold capillary pressures for pistonlike and pore-
body filling displacements are listed in Tables VIII–XI in
Appendix C.

siii d Snapoffcorresponds to an event where the phase in
the center of a pore or throat is displaced by a phase residing
in corners or layers. When the relevant capillary pressure
decreases the invading phase starts swelling and conse-
quently contributing AM’s—starting from the sharpest
corner—may hinge and eventually move—when the hinging
contact angle reaches the advancing value—towards the cen-
ter to meet the other moving or pinned AM’s. When AM’s
meet the center of the element is filled spontaneously by the
displacing phase. Depending on the magnitude of the ad-
vancing contact angle snapoff can be spontaneoussu a

øp /2−a1d or forcedsu a.p /2−a1d. Snapoff is not favored
over a pistonlike or pore-body filling event when there is a
neighboring element with the invading phase in the center
that is able to carry out the displacement. The threshold cap-
illary pressures are found using the equations tabulated in
Tables XII and XIII in Appendix C.

sivd Layer collapse and formation, pistonlike, and snapoff
displacements—if the pertinent contact angles, capillary
pressures, and corner half angles permit—allow the dis-
placed phase to remain as layerssd sandwiched between fluids
in the cornerssd and center of the element. The formation of
layers in an element is also possible by displacement from
fluids residing in thelayers or center of the neighboring
elements. The layers may collapse by an increase in pressure
of the fluids on either side of the layer. When a layer collapse
event takes place, one of the two AM’s bounding the layer
will hinge and/or move towards the other one. However,
sometimes both AM’s contribute into the layer collapse
event, e.g., oil layer collapse event by water in configuration
group D. Expressions to compute threshold capillary pres-
sures are listed in Table XIV in Appendix C.

E. Configuration changes

Configuration changes make it possible to simulate any
sequence of fluid injection in two- and three-phase systems.
All possible changes are displayed in Figs. 8–12.

Here we present points that one should consider to record
configuration changes:

1. After every configuration group change, there will be
some new displacements to be considered. These displace-
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ments are added into theappropriatelists ssee details laterd.
For every new displacement, the appropriate list is deter-
mined knowing what phase is displacing and whether the
phases occupying the displacing and displaced phase loca-
tions are continuous or trapped.

2. Once a configuration group is changed, the type and
the number of AM’s in the corner may also change. There are
two possibilities:sid the number of AM’s is the same but the
type has been changed—fluid on one side of the AM has
been replaced by a new fluid. For example, consider configu-
ration group change B to C. In this case the furthest contact
angle of the AM before the configuration change is given to
the AM after the configuration change and then the interface
may hinge from its furthest value towards the target contact
anglesdue to changes in the pertinent capillary pressured and
ultimately move. This will prevent any volume error of the
fluid residing on the other side of the AM—i.e., water in the
corner in the example above. We call this case anold AM
case.sii d the number of AM’s in the corner has either in-
creased or decreased. If it has increased by pistonlike or
snapoff displacement then thenewAM will have the furthest
contact angle the same as the target value and moves accord-
ing to the changes in the relevant capillary pressure. For
example, imagine configuration group change B to F by pis-
tonlike invasion of gas. The furthest contact angle of the new
gas-oil AM will be u go

r . If the number of AM’s has increased
by layer formation, see point 4. Finally if the number of
AM’s has decreasedsby layer collapsed then it is treated as

an old AM case. An example is the gas layer collapse event
by water or oil in configuration group G to form an oil-water
AM in configuration group B.

3. An AM moves once the hinging contact angle becomes
as large as the advancing contact angle of the AMswhen the
related capillary pressure is decreasingd or as small as the
receding contact angle of the AMswhen the related capillary
pressure is increasingd. Once the AM moves, the newb is
calculated. The value ofb is updated as long as the AM
keeps moving by changes in the pertinent capillary pressure
in the same direction as when it started to move.

4. When a new layer formation event is considered, there
are two displacements that may represent such an event and
both must be added to the lists. Imagine an AM where a layer
is going to be formed around it. The first displacement may
displace some of the fluid above the AM to accommodate the
layer while the other one displaces some of the fluid below
the AM to make space for the layer. For example, consider
gas layer formation resulting in configuration group change
B to G. The two displacements may take place only ifu go

r

.p /2+a. By the first one, gas may displace some of the
water in the corner to open enough space for the layer while
forming a new gas-water interface for which the meniscus-
apex distanceb is calculated. Both target and furthest contact
angles of the gas-water interface will beu gw

r . One should
note that the gas-oil interface, in the new configuration, is
treated as an old AM.p minus the furthest contact angle of
the oil-water interface before the configuration group change

FIG. 8. Possible configuration changes to configurationssad A
and sbd B. FIG. 9. Possible configuration changes to configurationssad C

and sbd D.
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is given as the furthest contact angle of the gas-oil interface.
Then the gas-oil interface may start hinging from its furthest
value towardsu go

r if the gas-oil capillary pressure is in-
creased during the process. Also the meniscus-apex distance
b of the oil-water interface is given to the gas-oil interface.
The threshold capillary pressure of the layer formation is
calculated usingu gw

r and the furthest value of the gas-oil
interface. But in the second displacement, gas may displace
some of the oil in the center to accommodate itself as a layer.
A new gas-oil interface is created and so its meniscus-apex
distanceb is calculated. Both target and furthest contact
angles of the gas-oil interface will beu go

r . The gas-water
interface is considered as an old AM and the furthest contact
angle of the oil-water interface before the configuration
change is used as the furthest contact angle of the gas-water
interface. Then the gas-water interface may hinge from its
furthest value towardsu gw

r if the gas-water capillary pressure
is increased during the process. Also the meniscus-apex dis-
tanceb of the oil-water interface is given to the gas-water
interface. The threshold capillary pressure of the layer for-
mation is calculated usingu go

r and the furthest contact angle
of the gas-water interface.

5. Once a displacement changes a configuration group,
there might be other displacements that had been considered
for the same configuration group change but through other
routes. These displacements are not valid anymore and are
omitted from the lists.

6. New pistonlike displacements are considered only if

the configuration group change has replaced the fluid at the
center of the element and there is at least one different phase
residing in the center of the neighboring elements.

7. New layer formation displacements are added to the
lists only when the phase that is expected to form the layer is
located in neighboring elementssd in the center or layer.

8. New snapoff displacements are added to the list as
soon as a new AM is formed or the type of an old AM has
changed. This is considered only if the fluid in the center of
the element is residing on one side of the AM. A new layer
collapse event is considered only if a new layer forms.

9. Once a new configuration group is formed, it might
allow new displacements in theneighboringelements. For
instance, imagine a pistonlike displacement by gas changes
configuration group B to C in an element. Formation of a gas
layer in the corners, as well as displacement of oil and water
in the center, of the neighboring elements are considered if
topological and contact angle circumstances permit.

10. There are some configurationsssee Figs. 6 and 7d that
have more than one AM. The AM’s and also layers are num-
bered from the apex inwards.

F. Continuity and clustering

An algorithm to determine cluster distributions, critical
percolation concentration, and percolation probabilities in

FIG. 10. Possible configuration changes to configurationssad E
and sbd F.

FIG. 11. Possible configuration changes to configurationssad G
and sbd H.
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network modeling has been developed by Hoshen and
Kopelmanf120g which was later extended to irregular net-
works by Al-Futaisi and Patzekf144g.

We use a different displacement-based algorithm to deter-
mine cluster distributions. It is applicable to any two- or
three-dimensional regular and random network with any
number of phases, i.e., phase locations, residing in a pore or
throat. In contrast, the original Hoshen-Kopelman algorithm
f120g assumed that only a single phase occupied each ele-
ment. Our algorithm, as we will discuss in detail shortly, is
also different from the extension of Hoshen-Kopelman algo-
rithm by Al-Futaisi and Patzekf144g since wedo not—
except for the first time—scan theentire network to update
our information regarding the continuity status of different
phases residing in every element.

First, the network at its initial condition is scanned to
determine continuity of all its present phase locations. Flags
are assigned to every single phase location indicating if it is
continuous or trapped. If a phase location is trapped then the
cluster number which it belongs to is also attached to it. A
search algorithmf145g is used to find continuity. The algo-
rithm uses Table IV that lists the circumstances under which
phase locations holding the same phase in adjacent pores and
throats are considered connected. One should note that we
assume that within a single pore or throat all the corners are
connected and so are all the layers holding the same phase.
This definition of connectivity is used to define clusters of
each phase. During the scanning process, if a trapped cluster

is found then all phase locations belonging to the cluster are
stored under the same cluster number.

Once the scanning of the network at its initial status is
finished, the injection of different phases and thus different
displacements may start. Displacements may create new
phase locations, form new trapped clusters, and make old
trapped clusters break, coalesce, or become continuous. This
means that the old flags of phase locations may not be valid
anymore and must be updated.

We present a series of displacement-based rules to update
the continuity flags after each displacement event. This
means that flags will bealwaysvalid during all processes.
Imagine a displacement occurring in a pore or throat. We
may call that pore or throat thetarget element which may
have severalneighbors. For a pore, the neighbors are the
throats connected to it and for the throats, the pores. Neigh-
bors do not necessarily contain the same fluid as the target
element. Every phase location in the target element and its
neighbors is considered as a member of achain of phase
locations with the same phase and will act as ahead. If a
chain stretches to the inlet and outlet, it iscontinuous, oth-
erwise it is atrappedcluster.

The rules are itemized as follows:
1. Before the displacement takes place, all the chain

heads in the target element and its neighbors are determined
si.e., separatelyin each pore and throatd. For instance, in a
corner of an element with configuration group F, see Fig. 7,
three chain heads, i.e., water corner, oil layer, and gas center,
are determined. One should note that at this stage, there is no
need to know how far the chains stretch. Similar phase loca-
tions in an element will be members of the same chain and
either of them could be used as the chain head. For example,
in an element with triangular cross section with all the cor-
ners having configuration group G, all the gas layers are
considered as members of a gas chain and obviously should
all have the same flags and only one of them is used as a
chain head. This is also the case for the water corners. How-
ever, phase locations with the same phase but in a different
typeof location might not necessarily be considered as mem-
bers of the same chain. For instance, in configuration group
D, water in the center is not considered as a member of the
chain that the water corner is a member of, unless they touch
each other in a corner where there is no oil layer. The water
center is considered as a head of another water chain.

2. Before the displacement, the connectivity of chain
heads in the target element with the chain heads in its neigh-

TABLE IV. Criteria for connectivity of phase locations holding
the same phase in adjacent pores and throats.

Phase location 1a Phase location 2 Connected?

corner corner yes

corner layer no

corner center no

layer layer yes

layer center yes

center center yes

aPhase locations 1 and 2 are located in two neighboring elements.

FIG. 12. Possible configuration changes to configurationssad I,
sbd J, andscd K.
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bors are determined and stored using the criteria listed in
Table IV.

3. The displacement is carried out which may omit some
old phase locations while forming new ones in the target
element. Only for the newly formed phase locations must
flags be assigned. The new phase locations created by pis-
tonlike, snapoff, and layer formation displacement events
that holdthe samephase as the displacing phase location will
get flags exactly the same as those of the displacing phase
location. For instance, for oil from the center of a neighbor
that creates an oil layer in the target element, the newly
formed oil layer will get the same flags as the oil in the
center. But if the newly born phase location contains a phase
similar to that of the displaced phase location, i.e., old, then
it will get the same flags as the displaced phase location. For
example, consider configuration group change B to F. The oil
layers will get flags the same as those of oil in the center
before the displacement.

4. If the displacing phase location is trapped and forms
new phase locations with the same flags then the new phase
locations are added to the trapped cluster as new members.

5. If the displaced phase location was trapped and after
the displacement it does not exist anymore, it is omitted from
the list of the trapped cluster members.

6. If the target element is connected directly to the inlet
or outlet and the new phase location is formed by the phase
invading from the outside of the network, a continuous flag
is assigned to the new phase location.

7. After the displacement, new possible chain heads are
determined in the target element.

8. Connectivity of the new chain heads in the target ele-
ments with the chain heads in the neighbors are determined
and stored.

9. Connectivity of every single chain head in the neigh-
bors to the chain heads with the same phase in the target
element before and after displacement are compared. If a
chain head was disconnectedsor connectedd to the target
element before the displacement and stays disconnectedsor
connectedd after the displacement, there is no need to change
the flags of the chain.

10. If a chain head in a neighbor was connected to the
target element before the displacement and got disconnected
after the displacement then:sid If the chain head was con-
tinuous then its continuity is checked using a search algo-
rithm as the chain might have got trapped due to the discon-
nection from the target element.sii d If the chain head was
trapped, disconnection from the target elementmight mean
that a trapped cluster hasbroken into two or more smaller
trapped clusters. This is called alocal break and the next
point describes how the algorithm realizes if a local break
has actually broken the displaced trapped cluster into smaller
ones.

11. In order to find if a local break is abreak, one of the
phase locations residing in a neighbor that belongs to the
displacedsmotherd trapped cluster is chosen. Then all the
phase locations connected to it are found using a search al-
gorithm. If all the other phase locations residing in the neigh-
borssd that belong to the mother trapped cluster are among
the found phase locations, then the disconnection has been
only a local one and not a break. If not, it is a break and the

found phase locations form anewtrapped cluster with a new
identity. Now all the other phase locations in the neighborssd
that were members of the mother trapped cluster are also
picked up one by one and all the connected phase locations
are found and the process continues exactly the same as for
the first phase location until there is no phase location left
that has not been assigned to a new smaller trapped cluster.

12. If a chain head in a neighbor was disconnected from
the target element before the displacement and has become
connected after the displacement then:sid If the chain in the
neighbor was trapped while the chain head in the target ele-
ment is continuous then the trapped cluster has become con-
tinuous and flags of all its members are changed to continu-
ous. The opposite case is also possible when the chain head
in the target element is trapped while the one in the neighbor
is continuous.sii d If the chain head in the neighbor was
trapped and so was the chain head in the target element that
it got connected to, then acoalescencehas happened and
both trapped clusters now will form a bigger trapped cluster
ssee Sec. VI H 1 for detailsd. For all other cases there is no
need to change the flags of the chains.

G. How to choose the right displacement

Based on what phase displaces what phase, there are six
possible two-phase processes: oil displacing water which is
controlled by an increase inPcow. This could be done either
by an increase in oil pressure or a decrease in water pressure.
Likewise, water displacing oilsdecrease inPcow; increase in
water pressure or decrease in oil pressured, gas displacing
watersincrease inPcgw; increase in gas pressure or decrease
in water pressured, water displacing gassdecrease inPcgw
; increase in water pressure or decrease in gas pressured, gas
displacing oilsincrease inPcgo; increase in gas pressure or
decrease in oil pressured, and oil displacing gassdecrease in
Pcgo; increase in oil pressure or decrease in gas pressured.
Every displacement belongs to one or two of these six pro-
cesses. For instance, collapse of the gas layer which leads to
configuration group change G to B could occur by either
water or oil invasion which corresponds to a decrease inPcow
or Pcgo, respectively. This means that this displacement be-
longs to both water displacing gas and oil displacing gas
processes. But, for example, configuration group change B to
A only belongs to a water displacing oil process.

A process can be carried out either by increasing the pres-
sure of the displacing fluid or decreasing the pressuressd of
the displaced fluidssd. In two-phase processes, both methods
may produce the same results but that maynot necessarily be
the case for three-phase systems. We shall model all pro-
cesses by increasing the pressure of theinjection fluid. For
example, gas injection into water and oil is carried out by
increasing the gas pressure not by decreasing the pressures of
oil and water.

For every single displacement, a threshold capillary pres-
sure is calculated—Appendix C—which might depend on
the relevant contact angles, corner angles and inscribed ra-
dius of the element of interest, other capillary pressures, and
the configuration of nearest neighbor pores and throats. Then
depending on what fluid is displacing and what is displaced,
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the threshold absolute pressure of thedisplacingfluid for a
singledisplacement is found from

Pi
threshold= Pcij

threshold+ Pj s15d

or

Pj
threshold= Pi − Pcij

threshold, s16d

wherePi andPj are pressures of phasesi and j , respectively.
The pressure of a fluid is referred to the pressure of a con-
tinuous cluster of that fluid and is assumed to be the same as
the inlet or outlet pressure of the fluid. There might be sev-
eral such clusters of one fluid but they all will have the same
pressure. The foregoing procedure is used for single dis-
placements where one continuous phase location displaces
another continuous one. When one or both of them is
trapped,Pi

thresholdandPj
thresholdare found in a slightly differ-

ent way that shall be discussed in the multiple displacements
sectionsSec. VIId. Threshold pressures of all the displace-
ments that have the samedisplacingfluid are ranked into the
samemain sorted list. Consequently, in three-phase systems
there will be three main sorted lists for gas, oil, and water as
displacing phases. This means that every list may include
entries from two different processes with the same displacing
fluid. For instance, the water list may include threshold pres-
sures from water displacing oil and water displacing gas
processes.

Initially when the network is water filled, only oil or gas
can be injected and the only processes are those that displace
water by oil or gas from the elements connected to the inlet.
From this stage onwards, new displacements must be added,
if there are any, to the appropriate listssd regardless of
whether they could occur during the current process or not.
The exact configuration change associated with these new
displacements may not be clear at this stage; and it is not

necessary, as they may occur during other processes when
the conditions, i.e., pressures and target contact angles, will
be different. Before a new displacement is added to an ap-
propriate list, its threshold capillary pressure is calculated.
Before a new displacement is added to a main sorted list, it
must be checked to see if both displacing and displaced
phase locations are continuous. If one or both of them is
trapped, then the displacement is added into an appropriate
sorted sublistin one of the 18 multiple displacement search
categories tabulated in Tables V–VIIfsee details in multiple
displacements sectionsSec. VIIdg. If both phase locations are
continuous then it is added to an appropriate main sorted list.

By knowing the injection fluid, the relevant main sorted
list is selected, for example, the water list for water injection.
The list is sorted in ascending order. Imagine the invading
fluid is i. This means that we consider a displacement event
where the volume ofi in an element increases. Phasei can
invade either phasej or k. The threshold pressure at the top
of the list belongs to themost favorable, i.e., easiest, dis-
placement. This could be displacement ofj or k by i. If the
displacement isvalid then it takes place. A displacement is
valid when the displacing and displaced phase locations are
presentand their continuity status flags areconsistentwith
the list that the threshold pressure is in. If a displacement is
not valid, the event is taken off the sorted list and either
discarded or moved to an appropriate list depending on the
reason of invalidity. The next most favorable displacement is
considered from the list. The advantage of having one list for
both i to j and i to k displacements is that it assures that
always the most favorable displacement is carried outfirst.

Displacements in the lists might no longer be valid be-
cause of other displacements that have already taken place.
For instance, consider configuration group G. Collapse of the
gas layer by water in the corner and oil in the center are two
possible displacements that should be in the water and oil

TABLE V. Multiple displacements search categoriesscontinuous-trapped; c-td.

No. Displacing fluid Continuity status Displaced fluid Continuity status Name Chain categories

1 oil continuous water trapped ocwt wtot, wtoc, wtgt, wtgc

2 oil continuous gas trapped ocgt gtwt, gtwc, gtot, gtoc

3 gas continuous water trapped gcwt wtot, wtoc, wtgt, wtgc

4 gas continuous oil trapped gcot otwt, otwc, otgt, otgc

5 water continuous oil trapped wcot otwt, otwc, otgt, otgc

6 water continuous gas trapped wcgt gtwt, gtwc, gtot, gtoc

TABLE VI. Multiple displacements search categoriesstrapped-continuous; t-cd.

No. Displacing fluid Continuity status Displaced fluid Continuity status Name Chain categories

1 oil trapped water continuous otwc

2 oil trapped gas continuous otgc

3 gas trapped water continuous gtwc

4 gas trapped oil continuous gtoc

5 water trapped oil continuous wtoc

6 water trapped gas continuous wtgc
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lists, respectively. If the gas layer collapsed during water
invasion by an increase in water pressure, the other displace-
ment, i.e., collapse of the gas layer by oil, is no longer valid
as there is no gas layer to be collapsed.

Multiple displacement search categories listed in Tables
V–VII allow us to find the most favorable multiple displace-
mentssee later for detailsd, which then is compared with the
most favorable single displacement that is determined from
the main lists. This comparison would allow us to find the
globally most favorable event.

After a displacement, the pressure of the phasei sinjection
phased is set to themaximumof the threshold pressure and
the current pressure of phasei. All the displacements that
have threshold pressures less than the pressure of the injec-
tion phasei are carried out until it is not possible to find a
displacement with a threshold pressure less than or equal to
the current value of the phasei pressure. This is done in a
way that the displacement with thelowestthreshold pressure
is alwayscarried outfirst. At this time, all the configurations
are stable and atequilibrium and the system is said to be
relaxed.

The maximumof the threshold pressure and the current
pressure of phasei is used because it is often the case that
doing a displacement allows a subsequent displacement at a
threshold pressure much lower than the current injection
phase pressure. This event is more favorable than the next
displacement in the list. An example of this is oil displace-
ment into water in a water-wet medium.Poil may be high to
allow oil to fill a throat, but oil can then fill an adjoining pore
at a lower oil pressure. If we used this new lower value of
Poil to compute radii of curvature, then we would find that in
some elements the radius is inconsistent with the fluid
configuration—for instance, a water AM in a corner could
have a radius of curvature too large to fit in an element. In
strict capillary equilibrium, the fluid would rearrange
throughout the network to give configurations consistent
with the prevailing capillary pressure. This is, however, a
very difficult task for a general three-phase model. Instead,
phase pressures are defined as the maximum value ever
reached during the whole simulation. In other words, the
pressure of the invading phaseneveracquires a lower value
than its current one. Whenever a phase pressure reaches a
new maximum, the fluid configurations are truly in a position
of capillary equilibrium. In a simulation involving a complex
displacement path, the phase pressures will continue to in-
crease. However, since it is only pressure differences that
control the displacement sequence, this is not a problem.

As mentioned earlier, threshold capillary pressures may
be affected by the change in capillary pressure. In such cir-

cumstances, threshold capillary pressures for those displace-
ments are recomputed taking into account the new arrange-
ments of fluid and capillary pressures and re-ordered in the
sorted lists. If a new phase is injected then the sorted lists for
displacements are re-ordered to account for latest changes in
capillary pressures.

H. How to treat trapped clusters, associated radii
of curvatures, and displacements

Trapped phases will be in the form of clusters of phase
locations. When a cluster of phase locations becomes
trapped,sid A number is assigned to it.sii d The phase of the
cluster is stored.siii d Addresses of all the phase locations
belonging to it are stored.sivd Two flags are assigned to
every single phase location indicating that they are trapped
and the the cluster number that they belong to.svd The cur-
rent capillary pressures are stored.svid The volume of the
trapped cluster, which is the summation of volume of its
phase locations, when it is trapped is stored as theoriginal
volume of the cluster. The original volume is used in satura-
tion calculations to account for volume errors caused by mul-
tiple displacementsssee Sec. IXd. svii d If any of the phase
locations of the cluster is involved in a displacement then it
is moved to an appropriate sublist in one of the multiple
displacement search categories. This could be a move from
the main sorted lists to the categories listed in Tables V and
VI. If any of the phase locations is involved in displacements
that are already in the search categories listed in Tables V
and VI, then they need to be moved into corresponding cat-
egories in Table VII.

Every multiple displacement search category may contain
several sorted sublists. Every sorted sublist within the cat-
egories named in Tables V and VI has a cluster number
associated with it and contains the threshold pressure of the
valid displacements where a trapped cluster can displace
continuous fluid or vice versa. Categories listed in Table V
contain displacements where thedisplacedphase location is
trapped while the categories named in Table VI have the
opposite situation. All the sublists are always sorted in as-
cending order. One should note that the sublists within each
category are completelyindependentfrom each other.

During different three-phase processes, there may be
cases where a trapped cluster touches one, two, or several
other trapped clusters with different phases. WAG flooding
with several injection cycles is an example of such a case.
The touching points represent displacements whose thresh-
old pressures are stored in sublists within categories tabu-

TABLE VII. Multiple displacements search categoriesstrapped-trapped; t-td.

No. Displacing fluid Continuity status Displaced fluid Continuity status Name Chain categories

1 oil trapped water trapped otwt wtot, wtoc, wtgt, wtgc

2 oil trapped gas trapped otgt gtwt, gtwc, gtot, gtoc

3 gas trapped water trapped gtwt wtot, wtoc, wtgt, wtgc

4 gas trapped oil trapped gtot otwt, otwc, otgt, otgc

5 water trapped oil trapped wtot otwt, otwc, otgt, otgc

6 water trapped gas trapped wtgt gtwt, gtwc, gtot, gtoc
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lated in Table VII. One trapped cluster might be involved in
several sublists as every sublist represents the touching
points between onlytwo trapped clusters with different
fluids. For every sublist, displacing and displaced cluster
numbers are also stored.

When a trapped cluster forms, the curvature of all inter-
faces associated with it need to be kept fixed as long as the
cluster is trapped and it has not become involved in multiple
displacements. The conventional method in previously de-
veloped network models was that the interfaces were consid-
eredfrozen. This was done regardless of the pressure of the
phase inside the trapped cluster and pressures of the sur-
rounding fluids. In this work, the pressure of the fluid inside
the cluster isnot a dummy value. It has a physical meaning
during the modeling of different processes. The initial pres-
sure of the cluster is the pressure of the phase when it was
first trapped. However, the pressure of the cluster changes
according to the change in the pressure of the surrounding
phases in order to maintain the curvature of the interfaces at
the same value as when the trapped cluster first formed. As
an example, imagine water flooding into oil in a water-wet
system. Trapped clusters of oil form at different stages of
water injection, i.e., at different oil-water capillary pressures.
Once each trapped cluster forms, it gets the current pressure
of oil, i.e., Poil. But sincePoil is fixed during water flooding,
all the trapped clusters will have the same oil pressure re-
gardless of when they were trapped while the water pressure
is increasing. To deal with this problem, we update the pres-
sure of the trapped oil clusters according to the increase in
pressure of water using

Pi,new
cluster k= Pcij

cluster k+ Pj ,new s17d

or

Pj ,new
cluster k= Pi,new− Pcij

cluster k, s18d

where Pcij
cluster k=sPi,old

cluster k−Pj ,oldd or Pcij
cluster k=sPi,old

−Pj ,old
cluster kd is the capillary pressure exactly at the moment

that the trapped clusterk formed. For the above water flood-
ing example, it becomes

Poil,new
cluster k= sPoil,old

cluster k− Pwater,oldd + Pwater,new. s19d

The change in pressure of the trapped clusters affects the
selection of the most favorable multiple displacement as we
shall describe later.

1. Coalescence

During different three-phase processes, trapped clusters
may have to move under multiple displacement mechanisms
in order to predict a physically correct occupancy. It is quite
often the case that the moving trapped clusters meet other
trapped clusters of the same phase. This will lead to acoa-
lescenceevent. A coalescence event might also happen when
a trapped cluster starts forming layers, if it is possible, be-
tween phase locations of the two other phases in the neigh-
boring pores and throats. Layer reformation allows the
trapped clusters to extend their margins and meet other
trapped clusters. This phenomenon occurs when gas injection
is carried out into water flood residual oil in a water-wet

systemf32,34–36,146g. The merging trapped clusters might
have different pressures and volumes, as they might have
been trapped at different times during different processes. In
such circumstances, we assume that after coalescence the
resultant trapped cluster has avolume weightedaverage pres-
sure of the the merging trapped clusters. Theoriginal volume
of the merging trapped clusters may be used in an average
pressure calculation as follows:

Pcluster=
ok=1

n
Voriginal

cluster kPcluster k

ok=1

n
Voriginal

cluster k
, s20d

wheren is the number of merging trapped clusters.
The calculated average pressure of the newly formed

trapped cluster is used in saturation calculations and also for
multiple displacements. The volume of the trapped cluster
formed by coalescence is given by

Vcluster= o
k=1

n

Voriginal
cluster k. s21d

When coalescence happens, all the phase locations of the
merging trapped clusters are stored together and are assigned
the same cluster number. If there are groups of displacements
in categories listed in Tables V and VII that any of the merg-
ing clusters were involved in, their threshold pressures are
changed according to the new average pressure of the result-
ant trapped cluster. This is done by

Pi,new
threshold= Pj ,new

cluster+ Pi,old
threshold− Pj ,old

cluster k s22d

or

Pj ,new
threshold= Pi,new

cluster− Pi,old
cluster k+ Pj ,old

threshold. s23d

For the displacements in the categories listed in Table VI,
threshold pressures are updated if the pressure of the dis-
placed phase which is continuous changes.

In every multiple displacement search category listed in
Tables V–VII and all sublists associated with the merging
clusters are re-ordered to represent one bigger cluster.

If a trapped cluster meets a continuous cluster of the same
phase, the pressure of thecontinuousfluid is changed to that
of the trapped cluster if it is greater, otherwise it is left un-
changed. All the volume error associated with that trapped
cluster is ignored as the system is in contact with the inlet
and outlet and the volume error would be compensated
automatically. Note that this allows the phase pressures to
change due to contact with previously trapped clusters. This
method to update pressure is similar to the work of
Van Dijke et al. f86,87g but different from Fenwick and
Blunt f88,89g who kept the continuous cluster pressure con-
stant. All the displacements associated with the trapped clus-
ter are now transferred to the other lists, i.e., main sorted lists
or sublists within search categories, as appropriate.

2. When a trapped cluster breaks into smaller ones

In three-phase systems when multiple displacements take
place, a trapped cluster might break into two or more smaller
ones. For instance, consider an angular element with trapped
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oil in the center that is invaded by gas. It is possible that the
displaced trapped cluster cannot leave oil layers in the cor-
ners of the element and this might disconnect the other phase
locations of the displaced trapped cluster that are residing in
the neighboring elements. This might also happen, for in-
stance, when an existing layer phase location which is a
member of a trapped cluster collapses.

After every multiple displacement, it must be checked if it
has caused any break among the phase locations of the dis-
placed trapped clusterssd residing in neighboring elements. If
a break has happened then the number of the resultant
smaller clusters and their members are determined and stored
using the clustering algorithm described in Sec. VI F.

When a trapped cluster breaks into two or more smaller
trapped clusters, the pressure of the smaller clusters are as-
sumed to beexactly the sameas that of the mother cluster at
the time when the break took place. Since the smaller
trapped clusters have their own new independent identity, all
the displacements associated with the mother trapped cluster
in the different multiple displacement search categories must
be distributed among the smaller clusters based on which
cluster the trapped phase location involved in every displace-
ment is associated with. The original volume of the mother
cluster is assigned to the largest of the smaller clusters. The
volume of the other clusters is set to zero. This does not
create any problems as we shall show in Sec. IX.

VII. MULTIPLE DISPLACEMENTS

One unique feature of three-phase flow at the pore level is
multiple displacement. An invasion of phasej by phasei
may be composed of a series of displacements starting with a
displacement wherei is the displacing fluid and ending with
a displacement wherej is the displaced fluid. If all the phases
are continuous, this is simply equivalent to separate single
displacements. However, the intermediate phases in the chain
may be trapped. This means that a cascade of trapped clus-
ters nudge each other before a final displacement of a con-
tinuous phase. Trapped clusters of the intermediate phases
can rearrange themselves in the pore space and/or reform
layers, and may coalesce with other trapped clusters of the
same phase to make bigger trapped clusters or become con-
tinuous by meeting continuous clusters. This happens simply
due to capillary forces. Multiple displacements that involve
more than one intermediate stage are only possible if there
are trapped clusters of at least two phasesf87g. If only one
phase has any trapped clusters, a simpler version of multiple
displacement,double displacement, may take place and
this has been observed in micromodel experiments
f35,40,43,136g and coded into network modelsf87–89,112g,
where one phase invades part of a trapped cluster that in turn
displaces the third continuous phase.

Here we present a search algorithm that is capable of
finding the most favorable multiple displacement. In this
work, we use it to find the most favorable double displace-
ment only. During each process, the most favorable double
displacement is compared with the most favorable single dis-
placement. The one that requires the lower pressure of the
injection phase is the one that takes place. In order to find the

most favorable double displacement, all the possible double
events for all the trapped clusters in the system need to be
considered.

The algorithm for considering such events is somewhat
involved, since multiple events for all clusters need to be
consideredf87g. Here we present how the most favorable
multiple displacement is found every time.

First, based on what fluid is being injected into the sys-
tem, the two categories from Table V that have the same
displacing fluid as the injection fluid are considered and
calledstarting categories. For instance, categoriesgcwt and
gcot are consideredsc indicates continuous andt trappedd
when gas is being injected. Now all the categories that could
chain up with the starting categories are determined from
Tables V and VII and are calledchain categories. Chain
categories forgcwt and gcot would be wtot, wtoc, wtgt,
wtgc, otwt, otwc, otgt, andotgc. As mentioned earlier, every
category might include several sublists with one or two
trapped cluster numbers associated with each one. The dis-
placements at the top of each sublist within the starting cat-
egories can now chain up with the displacements at the top
of the sublists within the chain categories, if there are any,
provided that the displacing trapped cluster number of the
sublist within the chain category is thesameas the displaced
trapped cluster number of the sublist within the starting cat-
egory. This means that every trapped cluster involved in a
multiple displacement contributes to two displacements. The
displaced phase of a category must be the same as the dis-
placing phase of the category that it is going to chain up
with. The displacement at the top of each sublist is the easi-
est, i.e., lowest invasion pressure, displacement of the sub-
list. So every multiple displacement is a chain of easiest
displacements from sublists within categories that are al-
lowed to chain up with each other. Chaining up with catego-
ries continues until the next category is one of those tabu-
lated in Table VI. For example, the chain ofgcot, otwt, wtgt,
and gtwc could give multiple displacements provided that
sublists satisfying the foregoing conditions exist within the
above categories. This in turn means that oil, water, and gas
trapped clusters existed in the system. Continuous gas
touches trapped oil clusters which in turn touch trapped wa-
ter clusters which in turn touch trapped gas clusters which in
turn touch continuous water. For a multiple displacement
with n trapped clusters involved, a series ofn+1 chainlike
displacements are carried out. Using the foregoing algorithm,
all the possible multiple displacements are determined and
their threshold absolute pressure are calculated using

Pi,MD
threshold= o

k=1

n

fsPj
thresholddcluster k− Pj ,old

cluster kg + Pi
threshold,

s24d

where n is the number of trapped clusters involved, MD
stands for multiple displacement,Pi

threshold is the threshold
pressure of the first displacement of the multiple displace-
ment where the injection fluid is the displacing fluid,j is the
fluid that clusterk accommodates,sPj

thresholddcluster k is the
threshold absolute pressure of the displacement for which
trapped clusterk is the displacingfluid, and Pj ,old

cluster k is the
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old pressure of the trapped clusterk, i.e., before the multiple
displacement. Equations24d has been derived by summing
up the threshold capillary pressures of all the displacements.
One should note that the threshold capillary pressure of each
displacement in a multiple displacement is calculated using a
contact angle that is defined according to what fluid is dis-
placing what,regardlessof what fluid is being injected into
the system. When a multiple displacement is carried out
pressures of the involved trapped clusters are increased to the
value given by

Pj ,new
cluster k= sPj

thresholddcluster k. s25d

We give an example of applying this algorithm by consid-
ering a double displacement which is used in this work.
Imagine gas is being injected into oil and water where some
of the oil is in trapped clusters. Since there are only trapped
oil clusters the only possible multiple displacement is double
displacement where continuous gas displaces trapped oil
which in turn displaces continuous water. The double dis-
placements are determined by chaining up categoriesgcot
andotwc. The threshold capillary pressure of the double dis-
placement is

Pgas,DD
threshold= Pgas

threshold+ fsPoil
thresholddcluster− Poil,old

clusterg, s26d

where DD stands for double displacement. The new pressure
of the trapped oil cluster is

Poil,new
cluster = sPoil

thresholddcluster. s27d

Once a multiple displacement is recognized as aglobal
most favorable event, it is carried out. But there is one
subtlety involved. It is quite often the case thatPi,MD

threshold is
smaller thanPi. In other words, the multiple displacement
could be carried out without any increase in pressure of
phasei. The difference between these two pressures needs
to be accounted for in the pressures of trapped clusters in-
volved in multiple displacement by increasing them
by sPi −Pi,MD

thresholdd.
To calculate the threshold pressure of a multiple displace-

ment, one may use threshold pressures of the displacements
involved regardless of their type. This means that displace-
ments may well be layer formation or collapse events. Theo-
retically this is fine but nottechnically. sid This approach
might increase the volume error associated with multiple dis-
placement as pistonlike, pore-body filling, and snapoff
events might chain up with the layer formation or collapse
events which would obviously be detrimental for volume
conservation.sii d The simulator might be trapped in an infi-
nite loop of forming and collapsing layers. To prevent these
problems, we shall use a slightly different approach where
only threshold pressures of pistonlike, pore-body filling, and
snapoff events are used in calculating the threshold pressure
of a multiple displacement. When a multiple displacement is
to be carried out, all the layer formation or collapse events in
the involved sublists that aremore favorableto the displace-
ments used inPi,MD

thresholdcalculations, are carried outfirst.
As we mentioned earlier, when a multiple displacement is

taking place, the pressures of the involved trapped clusters
increase. Once this happens, we thenupdate all the AM’s

associated with the trapped clusters according to their new
pressures. This means that the volumes of the trapped clus-
ters are always kept updated. Also thenew AM’s formed
during the multiple displacements will have radii of curva-
tures according to the new pressures of the trapped clusters
that they belong to.

After every multiple displacement event, new displace-
ments that are now available have to be added to the sublists
within the correct categories. This means that we might have
new chains of displacements, i.e., multiple displacements,
for the next round. Also there might be phase locations that
must be added to or omitted from the involved trapped clus-
terssd. For example, imagine that a trapped gas cluster is to
displace trapped oil in the center of a triangular throat. Be-
fore the displacement, configurations in all the corners are
from groupB and the center phase location is a member of a
trapped oil cluster. Also imagine that corner half angles, con-
tact angles, and capillary pressures allow oil to reside as a
layer in at least one corner after the oil in the center is dis-
placed by gas. After the displacement, the configurations in
two corners are changed to C and in one corner to F. Once
the configurations are changed, the center phase location
must be omitted from the trapped oil cluster and added to the
trapped gas cluster as it now accommodates gas. Also one oil
layer phase location residing in one of the corners must be
added to the displaced trapped oil cluster. The new displace-
ments that must be added to the appropriate lists are: oil
layer collapse by water in the corner to be added into the
right sublist, i.e., the sublist with the same cluster number,
within thewcot category provided that water in the corner is
continuous, oil layer collapse by gas in the center to be
added into the right sublist within thegtot category, snapoff
of the gas in the center by oil layer to be added into the right
sublist within theotgt category, snapoff of gas in the center
by water in the corners to be added into the right sublist
within thewcgtcategory, and other displacements in connec-
tion with continuous and trapped fluids residing in the neigh-
boring elements.

VIII. SATURATION PATH TRACKING

As discussed in the literature review, macroscopic prop-
erties in three-phase systems are strongly dependent on the
saturation history of the system. This means that prediction
of experimental measurements is possible only if the experi-
mental saturation history is reproduced by the model. We
track the experimental saturation paths on a point by point
basis.

Every given saturation path is composed of a series of
points in saturation space. The first saturation targetsof oil,
water, and gasd is specified. The difference between the
present saturations and the target saturations are found. The
phase with the mostnegativedifference is the next to be
injected. Imagine that is phasei. This means that we consider
a displacement where the volume ofi in an element in-
creases. Injection of phasei continues until the difference
between the present and the target saturation of phasei is not
the most negative difference. Another phase with the most
negative difference is then injected. This continues until the
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saturation differences fall within a predefined tolerance.
Then a new saturation target is considered. This process
continues until the desired saturation path is produced; see
Fig. 13.

Tracking an experimental path using a network model is
practically very complex and difficult. This is because of
finite size effects, the percolation nature of the processes, and
hysteresis. For instance, in some cases during a saturation
tracking procedure, the system does notrelax before several
thousand displacements have been performed which will
take the saturations far away from the desired path. However,
in the cases we present in this work, this does not signifi-
cantly affect the results.

IX. COMPUTATION OF SATURATION, CAPILLARY
PRESSURE, AND RELATIVE PERMEABILITY

Saturation, capillary pressure, and relative permeability
are only computed when the phase pressure reaches a new
maximum—this means that the system is at equilibrium and
it is not possible to carry out any displacements with the
current phase pressures. The capillary pressure is found from
the pressure difference between continuous phases. IfVp

i is
the volume of phasep in element i sincluding the water
volume in clayd then the saturation of phasep is given by

Sp =
oi=1

ne Vp
i + Vp

error

o j=1

np oi=1

ne Vj
i + o j=1

np Vj
error

, s28d

wherenp is the number of phases,ne is the total number of
pores and throats, andVp

error is the volume error of phasep
caused by multiple displacements and is given by

Vp
error = o

i=1

np
c

sVp
original − Vp

presentdi , s29d

wherenp
c is the number of trapped clusters of phasep. The

total volume, inscribed radius, and shape of each element are

read in as input data. The volume of a phase in an element is
the total volume multiplied by the fraction of the cross-
sectional area occupied by that phase. Saturation is computed
within a selected region, i.e., between inlet and outlet sur-
faces of the network rather than over the whole network
sAppendix Bd. Expressions used to compute areas are given
in Appendix A. The procedure to compute conductance, ab-
solute, and relative permeability is given in Appendix B.

X. CONCLUSIONS

A definitive capillary dominated three-phase network
model was developed that combines three essential compo-
nents:sid a description of the pore space and its connectivity
that mimicsreal systems;sii d a physically based model of
wettability alteration; siii d a full description of fluid configu-
rations for two- and three-phase flow.

The model can accommodate any combination of oil-
water, gas-water, and gas-oil contact angles and uses a robust
clustering algorithm to account for trapping and double
displacement.
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APPENDIX A: AREA OPEN TO FLOW

The equations used to compute the total area of a pore or
throat with different cross sections are

At = pR2, circular cross section, sA1d

At = 4R2, square cross section, sA2d

At =
R2

4G
, triangular cross section, sA3d

whereR andG are the inscribed radius and shape factor of
the pore or throat, respectively.

The corner area open to flow is calculated using

Ac = r2Scosuscota cosu − sinud + u + a −
p

2
D , sA4d

Ac = Sr
cossu + ad

sina
D2

sina cosa if a + u =
p

2
, sA5d

wherer is the radius of curvature which corresponds to the
ratio of interfacial tension to the capillary pressure of the
interface,a is the corner half angle, andu is the angle that

FIG. 13. Schematic presentation of the saturation tracking
method.
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the interface makes with the solid surface towards the corner
that is not necessarily the contact angle of the interface, e.g.,
uI anduII in Fig. 14.

If a layer is present in the corner, the layer area is the total
area of the corner including the layer minus the corner area
excluding the layer and both are calculated using Eqs.sA4d
andsA5d but with pertinentr andu. For instance, in configu-
ration group F, first the total corner area,Ac=Aw corner
+Ao layer, is calculated withr and u of the gas-oil interface
and thenAw corner is found usingr and u of the oil-water
interface. ThenAo layer=Ac−Aw corner. The same procedure is
used to calculate the area of the the second layer, if present.
The area open to flow to a phase in the center of an angular
element is the total area of the element minus the summation
of the corner areas, including the layerssif presentd.

APPENDIX B: CONDUCTANCES—ABSOLUTE
AND RELATIVE PERMEABILITIES

When saturation is computed, relative permeability and
capillary pressure can also be found. This is not done after
every saturation computation to save computer time. Typi-
cally, relative permeability is calculated around 20–40 times
during a simulation. To compute absolute and relative per-
meability, conductances of each continuous phase location in
each element are first computed. Normally exact analytic re-
sults are not possible, and empirical expressions derived
from solutions of the Stoke’s equation for flow in pores of
different geometries and for different fluid configurations are
usedf47–49,67,132,138,147g. Then the average conductance
for each phase in the whole network is computed by explic-
itly calculating the flow through the network assuming con-
servation of volume. From this absolute and relative perme-
ability can be foundf48,67,89,148g.

In order to minimize end effects on calculated macro-
scopic properties, we calculate saturation within two surfaces
perpendicular to the main flow direction bounding the central
90% of the network. However, the pressure is solved over
whole network to find the pressure in each pore. The pres-
sure of the fluid whose permeability is being calculated is
found at the two surfaces by

Pa =
oi=1

n
Pa

i Aa
i

oi=1

n
Aa

i
, sB1d

wherePa is the pressure of phasea at the surface,Pa
i is the

pressure of phasea in a pore or throat at the point that
touches the surface,Aa

i is the area open to flow for phasea
through that pore or throat, andn is the number of pores and
throats touching the surface. When the element that touches
the surface is a pore then the pressure of the phasea at the
touching point will be the pore pressure of fluida and is
known after the pressure is solved over the whole network.
But if it is a throat, then the pressure at the touching point is
found by a linear interpolation between the pressures of
phasea in two connecting pores located in two sides of the
surface. This is similar to the procedure used by Ørenet al.
f48g.

The absolute permeability of the network is calculated
using Darcy’s law:

K =
maQa

totalL

ADP
, sB2d

whereK is the absolute permeability,ma the viscosity of fluid
a, L is the distance, andDP is the corresponding pressure
drop between the vertical surfaces.A is the cross-sectional
area perpendicular to the main direction of flow,Qa

total is the
total flow rate of fluida.

First it is assumed that the network is completely filled
with only one phasea. Conductance is calculated using the
following equationsf48,149g:

g =
0.5GA2

m
, circular cross section, sB3d

g =
0.5623GA2

m
, square cross section, sB4d

g =
3R2A

20m
, triangular cross sections. sB5d

The conductance of a phasea, through an assembly of
two pores connected to each other by a throat, is considered
to be theharmonic mean of the conductance to the phase
through the pores and the connecting throatf89g:

Lij

gij
a =

Ltij

gtij
a +

Lpij

gpi

a +
Lpji

gpj

a , sB6d

where Lij is the distance between the centers of two con-
nected pores,gij

a is the conductance of the assembly to phase
a, Ltij

is the throat length,gtij
a the throat conductance to phase

a, Lpij
andLpji

are the half length of the pores, andgpi

a andgpj

a

are conductance of the poresi and j to phasea, respectively.
The flow rate of the phase between two connected pores,

i.e., qij
a is then given byf89g

qij
a =

gij
a

Lij
sPpi

a − Ppj

a d, sB7d

wherePpi

a andPpj

a are the pressures of fluida in poresi and
j , respectively.

Conserving volume for fluida in each pore gives

o
i=1

mi

qij
a = 0, sB8d

wheremi is the number of connected throat pores containing
continuous phasea. If Eq. sB6d is written for all such throat
pores and then inserted into Eq.sB8d, a system of linear
equations is formed for the pore pressures that is solved us-
ing the conjugate gradientmethod f48g. Having the pore
pressures allows us to calculate the total flow rate of the
phase, i.e.,Qtotal

a , which in turn is used in Eq.sB2d to calcu-
late the absolute permeability of the network,K.

Relative permeabilities are computed only when the net-
work contains more than one phase. They are calculated only
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for phases that have at least one network-spanning clustersa
cluster that is continuous from inlet to outletd.

First the conductance in all the pore and throats contain-
ing continuous phasea is computed. Then using the same
procedure used for the calculation of absolute permeability,
the pressures of the phase in the pores that are a member of
spanning clusterssd are found using the same pressure drop
across the network as used for single-phase flow. The relative
permeability is

kr
a =

Qtotal
a

Qtotal
single phase. sB9d

When a network has elements with noncircular cross sec-
tion, a single element might accommodate up to three fluids
in it. A fluid, as it was shown in Figs. 6 and 7, might be
residing in corners, layers, or the center of a noncircular
element. For the fluid in the center of an element, Eqs.
sB3d–sB5d are still used to find the conductance withA being
only the area open to flow to the fluid at the center.

Several authors have proposed expressions to compute the
conductance of layersf30,39,91,132,150–152g. In this work,
we use the expressions proposed by Hui and Bluntf132g to
compute the conductance of wetting and spreading layers.
When uI øp /2−a, see Fig. 14sad, the conductance of the
element to the phase flowing in the corner can be estimated
by

g =
Ac

2s1 − sinad2sw2 cosu − w1dw3
2

12m sin2 as1 − w3d2sw2 + fw1d2 , sB10d

w1 = Sp

2
− a − uD , sB11d

w2 = cota cosu − sinu, sB12d

w3 = Sp

2
− aDtana, sB13d

whereu=uI, Ac=AI, f =1 for a no-flow boundary condition
suitable for oil-water interfaces, andf =0 when a free bound-
ary condition is applied for gas-oil or gas-water interfaces.

If uI .p /2−a, see Fig. 14sbd, the corner conductance is
calculated using

g =
Ac

2 tanas1 − sinad2w3
2

12m sin2 as1 − w3ds1 + fw3d2 . sB14d

When there is a fluid layer sandwiched between the
phases residing in the corner and center, corner and layer, or
layer and centerssee Figs. 6 and 7d, the conductance of the
element to the sandwiched phase can be estimated by

g =
A1

3s1 − sinad2tanaw3
2

12mAc sin2 as1 − w3dF1 + f1w3 − s1 − f2w3dÎA2

Ac

G2
,

sB15d

where A1 is the area of the layer that the conductance is
being calculated for,Ac is a summation of areas of corner
and layersif presentd above the layer of interest, andA2
=Ac−A1. For instance, to calculate the conductance of the
gas layer in configuration group J, see Fig. 7,A1=Ag layer,
Ac=Aw corner+Ao layer+Ag layer, andA2=Aw corner+Ao layer. The
corner and layer areas are calculated using Eqs.sA4d and
sA5d.

APPENDIX C: THRESHOLD CAPILLARY PRESSURES

The equations used to compute threshold capillary pres-
sures for all displacements described in Sec. VI D are pre-
sented heref27,48,67,148g. Tables VIII–XIV name the equa-
tions used in different process with different range of contact
angles.

EquationssC1d–sC18d are used to calculate threshold cap-
illary pressures of pistonlike displacements, see Tables
VIII–XI to find which equation is used for what range of
contact angles. The tables also provide information onu1, u2,
andu for each casesif requiredd.

Pc =
ss1 + 2ÎpGd cosu1

R
Fdsu2,G,Ed, sC1d

wheres is the interfacial tension,R the inscribed radius, and
G the shape factor.

Fdsu2,G,Ed =
1 +Î1 − fs4GEd/cos2 u2g

1 + 2ÎpG
, sC2d

E = o
i=1

3

cosu2
cossu2 + aid

sinai
− Sp

2
− u2 − aiD , sC3d

wherea is the corner half angle.

Pc =
2s cosu

R
. sC4d

Note in the following equations,a1øa2øa3 for a trian-
gular cross section:

bi = rextreme
cossu1 + aid

sinai
, sC5d

rextreme=
s

Pc,extreme
, sC6d

if the interface has not moved yet. ThePc,extremebelongs to
the last move of the interface. If the interface has moved,

FIG. 14. Corners with a sandwiched layer,sad first interface has
a positive curvature,sbd first interface has a negative curvature.
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bi = rp
cossu2 + aid

sinai
, sC7d

u i
h = cos−1S rextreme

rp
cossu1 + aidD − ai sC8d

if the interface has not moved yet. If the interface has moved,

u i
h = u2, sC9d

ai = sin−1Sbi sinai

rp
D sC10d

if the interface has not moved yet. If the interface has moved,

ai =
p

2
− u2 − ai , sC11d

Pc =
s

rp
, sC12d

rp =

R2 − rpb cosu h + rp
2Sp

2
− u h − aD

2rpa + 2fR− bg cosu2
, sC13d

rp =

R2

4G
− rpoi=1

n
bi cosu i

h + rp
2oi=1

n Sp

2
− u i

h − aiD − A

2rpoi=1

n
ai + F R

2G
− 2oi=1

3
biGcosu2

.

sC14d

n=number of contributing corners,A=summation of corner
areassonly those corners that do not have layers or corners
of the invading phased.

Pc =
s

R
Fcosu2 +Î tana

2
ssin 2u2 − 2u2 − 2a + pdG ,

sC15d

Pc =
s

R
Fcosu2 −Î tana

2
s− sin 2u2 + 2u2 − 2a − pdG ,

sC16d

u3 = cos−11− 2rextremeoi=1

n
ai

R

2G
− 2oi=1

3
bi 2 , sC17d

n=number of corners containing layers or filled corners of
the invading phase.

TABLE VIII. Threshold capillary pressure for pistonlike and pore-body filling displacements with layers of the invading phase contrib-
uting to the displacement—oil to water, gas to water, and gas to oil.

Cross section Contact angle range Equationssd u1
a u2 u Comment

Triangular ui j , p/2 −a1
b sC1d–sC3d ui j

c ui j

Triangular ui j ,uextreme
d andui j ù p/2 −a1 sC4d ui j

Triangular ui j ùuextremeandui j ù p/2 −a1 fthroatssC5d–sC12d and sC14dg, fporessC19dg e p−ui j ui j iterative

Square ui j , p/4 sC15d ui j

Square ui j ,uextremeandui j ù p/4 sC4d ui j

Square ui j ùuextremeandui j ù p/4 fthroatssC5d–sC13dg, fporessC19dg e p−ui j ui j iterative

Circular 0øui j øp sC4d ui j

aContact angle that interface moved with last time.
bHalf angle of the sharpest corner.
cui j =ui j

r , i j =ow,go,gw—uow=uow
PD, andugw=ugw

PD for displacement of water by gas and oil during primary drainage.
duextreme=p−u3, whereu3 is calculated using Eqs.sC17d and sC18d for triangular and square cross sections, respectively.
eIt can be eitherp−u1 or u1 based on the type of AM thatu1 belongs to. It is the angle that the AM makes with the surface towards the apex
of the corner.

TABLE IX. Threshold capillary pressure for pistonlike and pore-body filling displacements withno layers of the invading phase
contributing to the displacement—oil to water, gas to water, and gas to oil.

Cross section Contact angle range Equationssd u1
a u2 u Comment

Triangular ui j , p/2 −a1 sC1d–sC3d ui j ui j

Triangular ui j ù p/2 −a1 sC4d ui j

Square ui j , p/4 sC15d ui j

Square ui j ù p/4 sC4d ui j

aContact angle that interface moved with last time.
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u3 = cos−1S− rextremea

R− b
D . sC18d

For pore-body filling we use Eq.sC19d f148g. See Tables
VIII and X for the range of contact angles in which this
equation is used.

Pc =
2s cosu

Rp
− so

i=1

n

eixi , sC19d

wheren is the number of throats thatdo notcontribute to the
invasion of the bore body,Rt,i are the inscribed radii of the
such throats,xi are random numbers,Rp is inscribed radius of
the pore, andei are predefined parameters. For instance,
imagine an oil filled water-wet circular cross-section pore
with eight throats connected to it. If two of the throats con-
tain oil in the center, two gas, one trapped water, and only
three continuous water, then for the water invasion of the
pore: n=2+2+1=5. In this work, we use Eq.sC19d with
e1=0 ande2−en=0.03mm−1 f70,148g.

EquationssC20d–sC34d are used for snapoff. Tables XII
and XIII list the equations that are used for different ranges
of contact angles in elements with triangular and square
cross sections,

Pc =
s

R
Scosu2 −

2 sinu2

cota1 + cota2
D , sC20d

Pc =
sscota1 cosu2 − sinu2d
Rscota1 + cota2d − b2

, sC21d

Pc =
s

R
Scosu2 −

2 sinu2

cota1 + cota3
D , sC22d

Pc =
sscota1 cosu2 − sinu2d
Rscota1 + cota3d − b3

, sC23d

Pc =
s

R
Scosu2 −

2 sinu2

cota2 + cota3
D , sC24d

Pc =
sscota2 cosu2 − sinu2d
Rscota2 + cota3d − b3

. sC25d

If only one corner has a contributing AM, weassumethat
the element is filled when the AM moves and meets anon-
contributingAM at one of the other corners.

Pc =
sscota1 cosu2 − sinu2d

Rscota1 + cota3d
sC26d

if only corner 1 has a layer or filled corner of the invading
phase.

TABLE X. Threshold capillary pressure for pistonlike and pore-body filling displacements with layers of the invading phase contributing
to the displacement—water to oil, water to gas, and oil to gas.

Cross section Contact angle range Equationssd u1
a u2 u Comment

Triangular ui j . p/2 +a1
b sC1d–sC3d ui j

c p−ui j

Triangular ui j ùuextreme
d andui j ø p/2 +a1 sC4d ui j

Triangular ui j ,uextremeandui j ø p/2 +a1 fthroatssC5d–sC12d and sC14dg, fporessC19dg e ui j ui j iterative

Square ui j . 3p/4 sC16d ui j

Square ui j ùuextremeandui j ø 3p/4 sC4d ui j

Square ui j ,uextreme fthroatssC5d–sC13dg, fporessC19dg e ui j ui j iterative

Circular 0øui j øp sC4d ui j

aContact angle that interface moved with last time.
bHalf angle of the sharpest corner.
cui j =ui j

a, i j =ow,go,gw.
duextreme=u3, whereu3 is calculated using Eqs.sC17d and sC18d for triangular and square cross sections, respectively.
eIt can be eitherp−u1 or u1 based on the type of AM thatu1 belongs to. It is the angle that the AM makes with the surface towards the apex
of the corner.

TABLE XI. Threshold capillary pressure for pistonlike and pore-body filling displacements withno layers of the invading phase
contributing to the displacement—water to oil, water to gas, and oil to gas.

Cross section Contact angle range Equationssd u1
a u2 u Comment

Triangular ui j . p/2 +a1 sC1d–sC3d ui j p−ui j

Triangular ui j ø p/2 +a1 sC4d ui j

Square ui j . 3p/4 sC16d ui j

Square ui j ø 3p/4 sC4d ui j

aContact angle that interface moved with last time.
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Pc =
sscota1 cosu2 − sinu2d

Rscota1 + cota2d
sC27d

if only corner 1 has a layer or filled corner of the invading
phase.

Pc =
sscota2 cosu2 − sinu2d

Rscota2 + cota3d
sC28d

if only corner 2 has a layer or filled corner of the invading
phase.

Pc =
sscota2 cosu2 − sinu2d

Rscota2 + cota1d
sC29d

if only corner 2 has a layer or filled corner of the invading
phase.

Pc =
sscota3 cosu2 − sinu2d

Rscota2 + cota3d
sC30d

if only corner 3 has a layer or filled corner of the invading
phase.

Pc =
sscota3 cosu2 − sinu2d

Rscota1 + cota3d
sC31d

if only corner 3 has a layer or filled corner of the invading
phase.

Pc =
s

rextreme

cossu2 + ad
cossu1 + ad

, u2 ø p − a, sC32d

Pc =
s

rextreme

− 1

cossu1 + ad
, u2 ù p − a. sC33d

Note: In Eqs.sC32d andsC33d a is for the sharpest corner
if a layer or filled corner of the invading phase is present in
more than one corner.

Pc =
s

R
scota cosu2 − sinu2d. sC34d

EquationssC35d–sC39d are used to compute threshold
capillary pressure of layer collapse and formation. Table XIV
names which equations are used for layer collapse or forma-
tion in different configurationsssee Figs. 6 and 7d.

TABLE XII. Threshold capillary pressure for snap-off displacements—oil to water, gas to water and gas to oil.

Cross section Contact angle range Equationssd u1
a u2 Comment

Triangular ui j ù p/2 +a1 sC20d–sC31d p−ui j min Pcij

Triangular ui j ùa1 andui j ø p/2 +a1 sC32d b p−ui j

Triangular ui j ,a1 sC33d b p−ui j

Square ui j . 3p/4 sC34d p−ui j

Square ui j ù p/4 andui j ø 3p/4 sC32d b p−ui j

Square ui j , p/4 sC33d b p−ui j

aContact angle that interface moved with last time.
bIt can be eitherp−u1 or u1 based on the type of AM thatu1 belongs to. It is the angle that the AM makes with the surface towards the apex
of the corner.

TABLE XIII. Threshold capillary pressure for snapoff displacements—water to oil, water to gas, and oil to gas.

Cross section Contact angle range Equationssd u1
a u2 Comment

Triangular ui j ø p/2 −a1 sC20d–sC31d ui j max Pcij

Triangular ui j øp−a1 andui j . p/2 −a1 sC32d b ui j

Triangular ui j .p−a1 sC33d b ui j

Square ui j ø p/4 sC34d ui j

Square ui j . p/4 andui j ø 3p/4 sC32d b ui j

Square ui j . 3p/4 sC33d b ui j

aContact angle that interface moved with last time.
bIt can be eitherp−u1 or u1 based on the type of AM thatu1 belongs to. It is the angle that the AM makes with the surface towards the apex
of the corner.
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Pc =
ss3 sin2 a + 4 sina cosu + cos2 ud

bfcosa sinas2 sina + cosud + sin2 aÎ4 cos2 a − 3 − cos2 u − 4 sina cosug
. sC35d

Note:b is the meniscus-apex distance of the first interface from corner towards the center andu is the hinging contact angle
of the second interface.

Rc =
cossu2 + ad
cossu1 + ad

, u2 ù u1, sC36d

Rc =
cosu2 − sina

cosu1 − sina
, u2 , u1, sC37d

Pc =
s1Pc2

s2Rc
, sC38d

Pc =
s2Pc1Rc

s1
. sC39d
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